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Chapter 1

LINEAR SPACES

1.1 Motivation

A large section of applied mathematics is linear analysis where the
entities are elements of either finite dimensional (vector) or infi-
nite dimensional (function) spaces. Similarly the relations between
these elements are defined in terms of linear operators either in finite
dimensional spaces (matricies) or in infinite dimensional spaces (dif-
ferential or integral operators). All of the concepts in Mathematics
can be built on very simple definitions and are special applications
of the same ideas. This section attempts to provide the founda-
tion of the techniques used in algebraic methods, in particular of
matrices and systems of algebraic equations. Along with the practi-
cal concerns, the presentation here has the additional aims to show
that the whole of the material in algebra can be derived from a sim-
ple set of axioms and definitions; that there is connection between
seemengly different concepts; that the many techniques and ideas
of mathematics are special aspects of the same notions as well as to
bring economy for introducing the various concepts and techniques
by avoiding repetitions in their presentation.

The examples in this section are chosen to be relevant to the
material treated in the following sections. The presentation avoids
overall general and abstract examples of spaces and operators. For
developing intuition into the meaning of the ideas effort will be made
to relate the definitions and the results to the familar ones from el-
ementary algebra.
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4 CHAPTER 1. LINEAR SPACES

Another motivation for the linear algebraic approach is to fa-
miliarize the beginner with the modern language and formalism for
further studies as this is the approach of most more advanced books
in many areas and not only in mathematics. The development of the
ideas follows a constructional approach where mathematics is seen
as a language to express our observations. The approach is that
this symbolic language is an alternative to the verbal languages.
Along with being an economical means of expression, mathematics
is the most convenient medium for logical deductions and, thereby
its power.

1.2 Sets and linear spaces

In the contact with the external world the first observation is the
existence of ”objects” and ”collection of objects”. In more abstract
terms, this is the concept of a set.

Definition
Any collection of ”objects” (or ”things”) is a set.

It should be noticed that this definition of set has no structure.
Once the existence of a set of objects is observed, the next attempt
is to establish qualitative relations between the elements. This idea
of establishing relations is the basic concept of operation and
the relations are the basic concept of ”Equations”. While there
is a significant amount of results that can be derived within the
qualitative framework of the set theory, soon one is led to the con-
cept of quantities and numbers. The fist simplest relations are to
quantitatively say wath happens when one puts together any two
elements denoted as x and y of the set or what happens if one takes
the same element several times. These needs lead to introducing the
operations of addition and multiplication by a scalar. Each of
these operations is defined by four axioms obtained by abstraction
from the observations in daily life. Given the elements x, y, z,... of
a set S, both of these operations are each a way to generate new
elements from two or more elements of S. The resultant elements
may or may not belong to S. The result of the addition of x and
y is called the sum of x and y, and is denoted as x + y. The sum
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of x + y with z is denoted as (x + y) + z. Similarly, the result of
the multiplication by a scalar is denoted as αx. Likewise, the
multiplication of αx by β is denoted as β(αx).

Definition (Addition). An operation is called addition if it
satisfies the following four axioms:
Axiom A1. Commutativity:

x + y = y + x

Axiom A2. Associativity:

(x + y) + z = x + (y + z)

Axiom A3. Existence of the neutral (or null) element θ :

x + θ = x

Axiom A4. Existence of an inverse (or negative) element −x :

x + (−x) = θ

Definition(Multiplication by a Scalar). For α, β, γ being real
numbers, an operation is called multiplication by a scalar if it
satisfies the following axioms:
Axiom M1. Associativity:

α(βx) = (αβ)x

Axiom M2. Distributivity with respect to scalars:

(α + β)x = αx + βx

Axiom M3. Distributivity with respect to the elements:

α(x + y) = αx + αy

Axiom M4. Existence of a neutral scalar (or the unity) such that

1x = x

It should be emphasised that the axioms above are abstractions
made from the daily experience of counting objects. The axioms
bf A1,A2, mean that the order in which the elements are added is
immaterial and A3, A4, are ways to generate negative numbers
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from the natural numbers or to define subtraction. Similarly the
axioms M1, M2 and M3 mean that the respective orders of addi-
tion and multiplication, i.e. whether we first add and then multiple
or whether we first multiply and then add, is irrelevent. Likewise,
M4 implies that the number one is a neutral element in this mul-
tiplication. It must also be realised that the multiplication by a
scalar is different from the product of two elements of S. This latter
operation is not defined in linear algebra.

Examples

1. Let (x1, x2) + (y1, y2) = (x1, x2 + y2) be the definition of
an operator between the elements of the vectors x = (x1, x2) and
y = (y1, y2) in the plane. This is not a valid definition for addition
since the axiom A1 is violated (Show also that other axioms are
also violeted):

(x1, x2) + (y1, y2) = (x1, x2 + y2) 6= (y1, y2) + (x1, x2) = (y1, y2 + x2).

Conversely to the above example, it is easely seen that the oper-
ation

(x1, x2) + (y1, y2) = (x1 + y1, x2 + y2)

satisfies all the axioms A1 -A4.
2. Let

α(x1, x2) = (αx1, 0)

be the definition of an operation for vectors in a plane. This is not
a valid definition for multiplication by a scalar since for α = 1

1(x1, x2) = (x1, 0) 6= (x1, x2)

i.e.,M4 is violated. (Show however that the axioms M1, M2 and
M3 are satisfied).
Conversely to the above example, it is easily seen that the definition

α(x1, x2) = (αx1, αx2)

satisfies all of the axioms M1-M4.

Important Consequences of the Axioms
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1. The zero element is unique. (Prove this as a consequence of the
axioms in stating by assuming that there exist two zero elements).

2. The negative of an element is unique (Prove this as a conse-
quence of the axioms by assuming there exist two negative elements).

3. It can be proved easily that

0x = θ

αθ = θ

(−x) = (−1)x

4. ((...αx + βy) + γz) + δw) + ...) can, without ambiguity, be
written as αx + βy + γz + δw + ... since by axioms A1, A2, M1,
M2, M3 the order of these operations is immaterial.

5. x + (−y) can without ambiguity be written as x − y since
x + (−y) = x + (−1x) = x− y which is the essence of subtraction.

The axioms above do not guarantee that the results of the two
operations on the elements of S do not necessarily generate elements
contained in S. However in some cases, the results of the two types
of operations are also elements of the original set. In such a case
the set is said to be closed under the considered operation
and these are the most important cases in applications. The idea of
closure leads to the concept of a linear space. Thus:

Definition. (Linear Space) A set which is closed under the op-
erations of addition and multiplication by a scalar is called a linear
space. Elements of a linear space are called vectors.

Examples:

1. The set of all positive real numbers is not a linear space since
the negatives defined by A4 are not elements of the set. But the
set of all real numbers is a linear space.

2. The set of all discontinuous functions is not a linear space
since the sum of two discontinuous functions may give a continuous
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function. But the set of all continuous functions is a linear space.

3. The set of numbers between −1 and 1 is not a linear space
since the sum of two elements of this set (e.g.,0.5+0.6) may not be
an element of this set (Find also the other violations).

4. The set of polynomials of degree n is not a linear space since
the sum of two polynomials of degree n may give a polynomial of
degree lees than n (e.g.,(x2 + ax + b) + (−x2 + cx + d)). But the set
of polynomials of degree ≤ n is a linear space.

5. The set of all integers is not a linear space since the result
of the multiplication by a scalar which is a fraction is not an integer.

6. The set of vectors in the plane whose second component is 1 is
not a linear space since the sum of two typical vectors as x = (x1, 1)
and y = (y1, 1) does not give a vector whose second component is
1. But the set of vectors in the plane whose second component is 0
is a linear space.

Definition. (Subspace): A linear space whose elements consti-
tute a subset of a given linear space is called a subspace of the
latter.

It should be emphasised that all subsets of a given linear space
are not necessarily subspaces since they themselves have to satisfy
the axioms defining a linear space. As an example consider the set
of vectors in the plane that are of length equal to 1. This set is
clearly a subset of the plane. However since e.g. the zero element is
not contained in this set or since the set is not closed under addition
and multiplication by a scalar, it cannot be a linear space. Thus the
set of vectors of unit length in the plane is not a subspace of the
whole space.

1.3 Basis and representations of vectors

In the previous paragraph the operations of addition of two vectors
and the multiplication of a vector by a scalar have been defined and



1.3. BASIS AND REPRESENTATIONS OF VECTORS 9

generalised to n vectors. Thus

c1v1 + c2v2 + ... + cnvn

is a meaningful expression and is called the linear combination of
v1,v2, ...,vn. Similarly

c1v1 + c2v2 + ... + cnvn = θ

is called a linear relation or a linear equation. Given v1, v2, ...vn

one may attempt to determine the values of the c1, c2, ...cn which
satisfy this equation. In all cases c1 = c2 = ... = cn = 0 is a solu-
tion and this solution is called the trivial solution. The question
therefore is whether (1) has other solutions than the trivial one, i.e.
nontrivial solutions. This brings the concept of linear dependence
or linear independence of a set of vectors. Thus

Definition. (Linear Independence) A set of vectors v1,v2, ...,vn

is said to be linearly independent if the linear relation as in (1)
has only the trivial solution c1 = c2 = ... = cn = 0 and is said to be
dependent otherwise.

Examples.

1. Given v1 = (1, 0),v2 = (0, 1),v3 = (1, 2) the linear relation
is:

c1(1, 0) + c2(0, 1) + c3(1, 2) = (0, 0)

By rearrangement

(c1 + c3, c2 + 2c3) = (0, 0)

This equation has nontrivial solutions as

c1 = −c3

c2 = −2c3

for arbitrary c3. For example

c1 = 1, c2 = 2, c3 = −1

is one such nontrivial solution so that the set v1,v2,v3 is linearly
dependent.
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2. Given v1 = (1, 0),v2 = (0, 1) as the set however, there is only
a trivial solution and the set v1,v2 is linearly independent.

3. Given v1 = cos2 x,v2 = sin2 x,v3 = cos 2x, construct he linear
relation

c1 cos2 x + c2 sin2 x + c3 cos 2x = 0

for studying the linear dependence of the set. Since

cos 2x = cos2 x− sin2 x

it is seen that above there exists a nontrivial solution as

c1 = −c3, c2 = c3

for arbitrary c3. For example c1 = 1, c2 = −1, c3 = −1 is such a
nontrivial solution. Thus the set cos2 x, sin2 x, cos2 x is linearly de-
pendent.

4.Given the set of functions {1, x, x2}, the linear relation

c1 + c2x + c3x
2 = 0

cannot have nontrivial solutions for c1, c2, c3 for all values of x. Thus
the set {1, x, x2} is linearly independent. Let us now consider a set
of vectors v1,v2, ...,vp (not necessarily linearly independent) and all
possible vectors y obtained as

y = c1v1 + c2v2 + ... + cpvp

The set of vectors y obtained by varying the ci is called the linear
span of {v1,v2, ...,vp} For example, let

v1 = (1, 0),v2 = (0, 1),v3 = (1, 2)

The linear span of {v1,v2,v3} is the set of vectors

y = c1(1, 0) + c2(0, 1) + c3(1, 2)

or
y = (c1 + c3, c2 + 2c3)

This set covers the whole plane.
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At this stage, a question arises about the smallest set of vectors
that are sufficient to generate to elements of the same linear space.
In the example above, any two elements of the set e.g., v1 and v2

are sufficient to generate all of the vectors in the plane

y = c1(1, 0) + c2(1, 2) = (c1 + c2, 2c2)

Therefore, it would be convenient to chose the smallest set of vectors
that is sufficient to represent the elements of a given linear space.

Definition (Basis). Any set of vectors with the least number of
elements that spans a given linear space is called a basis for this
space.

Definition (Dimension). The number of elements of a basis is
called the dimension of the space. When this number is finite, the
space is said to be finite dimensional and infinite dimensional
otherwise.

It should be remarked that the basis of a linear space is not
unique whereas the dimensionality d is. Moreover, any set of d lin-
early independent vectors can be taken as a basis. In the example
above {v1,v2} or {v1,v3} or {v2,v3} can be taken as a basis since
any of these is sufficient to generate all of the vectors in the plane.
Similarly, a single vector does not suffice to generate all the vectors
in the plane. Thus the dimensionality of the plane is 2.
Similarly the set of vectors {1, x, x2} or {1 + x, 1 − x, x2} are each
sufficient to generate the set of polynomials of degree ≤ 2 i.e. P2

and that no set of two elements can generate all of the elements of P2.
When the space is infinite dimensional, it is not always to see whether
a given set of infinitely many independent vectors is a basis. For ex-
ample the set of vectors {cos nx : n = 0, 1, 2, ...} has an infinity of
elements. However this set is not a basis for the space of contin-
uous functions since any linear combination of the {cos nx} is an
even function where as the space of continuous functions in includes
also the odd functions. The investigation of the completeness of an
infinite set to be a basis for an infinite dimensional function spaces
requires advanced analysis connected to the spectral theory of differ-
ential operators. From the foregoing discussion it follows that any
vector of a linear space can be expressed as a linear combination
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of the elements of a basis for a basis for that space. Furthermore,
given a basis {v1,v2, ...vn} and a vector x, the representation

x = c1v1 + c2v2 + ... + cnvn

is unique. In fact, let there be another representation with coeffi-
cients, as

x = c′1v1 + c′2v2 + ... + c′nvn

Subtracting both sides of above equations, one gets.

θ = (c1 − c′1)v1 + (c2 − c′2)v2 + ... + (cn − c′n)vn

On the other hand the basis {v1,v2, ...vn} is by definition an inde-
pendent set and the linear relation can have only a trivial solution:

(c1 − c′1) = 0, (c2 − c′2) = 0, ..., (cn − c′n) = 0

Which proves that c′i = ci. Thus, we can state the theorem below.

Teorem. (Uniqueness of Representation): The representation of
a vector x in terms of a basis {v1,v2, ...vn} as

x = x1v1 + x2v2 + ... + xnvn

is unique. Because of the uniqueness of the representation of a vec-
tor it is worthwhile to give a name to the set of scalars in the linear
combination. Thus

Definition. (Components). The unique scalars xi, i = 1, ..., n
in the representation of the vector x as a linear combination of the
elements of the basis {v1, ...vn} as

x = x1v1 + x2v2 + ... + xnvn

are called the components of x with respect to the basis {v1, ...vn}.
It must however be emphasised that the components of a vector
are unique with respect to a given basis. For example, the vector
x = (2, 3) has the components x1 = 2 and x2 = 3 with respect to
the basis

v1 = (1, 0),v2 = (0, 1)

The same vector has however the components x′1 = 1 and x′2 = 1
with respect to the basis

v′1 = (1, 1),v′2 = (1, 2)
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Similarly the function
f(x) = 3 + x2

in the space P2 has the components x1 = 3, x2 = 0 and x3 = 1 with
respect to the basis

v1 = 1, v2 = x, v3 = x2

The same function has however the components x′1 = 1, x′2 = 1
and x′3 = 1 with respect to the basis

x′1 = 1 + x, x′2 = 1− x, x′3 = 1 + x2
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Chapter 2

LINEAR OPERATORS
AND EQUATIONS

In the preceeding chapter relations between various elements of a
space have been discussed and the operators were defined between
elements of the same space. However there are instances where it be-
comes necessary (and useful too) to relate elements belonging each
to a different space. This is the idea of establishing a correspon-
dence between an element of a space and element of another space.

2.1 Linear operators

Definition. (Mapping or Transformation or Operator). Any func-
tion f such as B = f(A) where A and B are elements of some space
is called a trasformation, mapping or operator.

Definition.(Domain) The set of elements on which the operator
acts is called the domain of the operator.

Definition. (Target Space) The linear space where the map-
pings T (x) for all x in the domain belong is called the tagret space
of the operator.

Definition. (Range). The subset of the target space covered by
the mappings T (x) for all x in the domain is called the range of
the operator.

15



16 CHAPTER 2. LINEAR OPERATORS AND EQUATIONS

Figure 1. Domain, target space, null space and range associated
with an operator.

It should be noticed that the distinction between the latter two
definitions stresses that a mapping doesn’t necessarily cover all of
the target space. The subset of the target space that is covered by
the mapping of the domain by the transform T is denoted by T:D
(or R(T)). If the target space consists of T:D alone, the operator
T said to map D onto . Otherwise i.e., if there are elements of
Y which do not belong to T:D, T is said to map D into Y. The
study of operators can be carried further without any restrictions
on the type of operators. However the simplest and perhaps the
most useful class of operators, called linear occur in all branches
of mathematics. The properties of more general ones are often ob-
tained by approximation than by linear transformations.

Definition. (Linear Operator): An operator is said to be linear
if it has the following properties for all elements of the domain:

T (x + y) = T (x) + T (y)

T (αx) = αT (x)

The meaning of linearity conveyed by the definition is that whether
the sum or the multiplication is performed in the domain or the
range, the result comes out to be same. Said in different words,
linearity means that the order of doing the calculations is unimpor-
tant. This idea is illustrated in Fig.2.

Figure 2. Schematic representation of the linearity of opera-
tors. Equivalent to the pair of equations above, the linearity of an
operator may also be defined by the combined relation:

T (αx + βy) = αT (x) + βT (y)

Examples.

(1)The Trasformation

T (x) = T (x1, x2, x3) = (x1 + x2, x2 + x3)
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is a linear trasformation, since T

T (x+y) = T (x1+y1, x2+y2, x3+y3) = (x1+y1+x2+y2, x2+y2+x3+y3) =

(x1 + x2, x2 + x3) + (y1 + y2, y2 + y3) = T (x) + T (y)

T (αx) = T (αx1, αx2, αx3) =

(αx1 + αx2, αx2 + αx3) = αT (x)

(2) The Transformation T (x) = x2 is not a linear trasformation,
since,

T (x + y) = (x + y)2 = x2 + y2 + 2xy =

T (x) + T (y) + 2xy 6= T (x) + T (y)

T (αx) = (αx)2 = α2x2 = α2T (x) 6= αT (x)

In the study of linear spaces, it was seen that the zero element is
a special one as being a neutral element. Its mapping in the range
and the set of points in the domain that are mapped onto the zero
of range are also special. Thus,

Definition. (Null Space) The set of elements of the domain that
are mapped onto the zero of the range constitute a linear subspace
of the domain which is called the null space of the operator.

Examples.

(1) For the linear transformation

T (x1, x2, x3) = (x1 + x2, x2 + x3)

the null space consists of the elements with

x1 + x2 = 0, x2 + x3 = 0

This set forms a linear space of the vectors with components

x = (x1,−x1, x1).

(2) For the linear operator T (f(x)) = dnf
dxn the null space consists of

the function f(x) such that dnf
dxn = 0 the null space is Pn−1
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(3) For the operator T such that

T (f(x)) =
∫ 1

−1
| f(x) | dx

the null space contains only the zero element.

(4) The null space of the linear operator T such that

T (x1, x2, x3) = (x1 + x2, x2 + x3, x3 + x1)

contains only the zero element, since the system

x1 + x2 = 0,

x2 + x3 = 0,

x3 + x1 = 0

has only one solution:x1 = x2 = x3 = 0, i.e. x = θ
Some operators establish a unique correspondence between pairs of
elements with each belonging respectively to the domain and the
range. In other words the mapping may be such that it associates
only one element of the domain to an element of the range. Thus,

Definition (one-to-one mapping):
A mapping T is said to be one-to-one if for each element of the range
there exists at most one element of the domain,i.e. T (x) = T (y) im-
plies x = y
Connected with this concept, there is a quete powerful and simple
theorem that allows to determine whether a given linear operator is
in fact a one-to-one mapping. Thus,

Teorem. (One-to-one mapping):
If the null space of a linear operator consists of the zero element
alone, then the mapping is one-to-one and vice versa.

Proof: Let there be two elements x and y of the domain that
are mapped onto the same element z of the range: T (x) = z and
T (y) = z. Subtracting the two equations side by side while keeping
the linearity of T, one obtains:

T (x− y) = θ
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This result means that the vector x − y is in the null space of T,
which by hypothesis contains no element other than the θ. Thus
x− y = θ or x = y which contradicts the initial assumption.

Conversely, if the mapping is one-to-one, for T (x) = z, T (y) = z
implies that x = y subtracting side by side gives T (θ) = θ for all
possible x and y which proves that the null space can contain no
other element than θ.
Before going into the study of certain general properties of operators
it is worthwhile to motivate this study by remarking the relationship
between mapping and equations. An important part of the math-
ematical sciences deals with the solutions of equations of the form
A(x) = b where A may be an algebraic operator (i.e.,a matrix), a
differential operator or an integral operator; x is an unknown vector
in the former case and an unknown function in the latter two cases
and b is a is a known vector or a known function accordingly. Con-
sequently, solving an equation amonts to determining the vector or
function x whose mapping b is given. It should also be remarked
that this process is in the reserve order of the idea of mapping. A
special but important class of equations, called homogeneous equa-
tions, corresponds to the case when b = θ i.e., A(x) = θ. Thus, the
solution of the problem amounts to determining the null space of
the mapping A.

2.2 Algebra of linear operators

In the study of linear spaces, certain operations, namely addition
and multiplication by a scalar have been defined. Similar opera-
tions can also be defined for linear operators. However in these
definitions, it should always be kept in mind that the definition of
an operator becomes complete only when its domain and range are
also specified and that an operator is defined by its action on an ele-
ment. Thus, the sum of two product of two operators are defined by
their action on test vectors in their domain and these operations re-
quire certain compatibility conditions for their definition. The sum
and the product of two operators are defined below and illustrated
in Figures 3 and 4.
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Definition (Sum of two operators).
The sum R of two linear operators T and S is defined as

R(x) = (T + S)(x) = T (x) + S(x)

Figure 3. Schematic representation of the sum of two operators.
A necessary condition for this definition to be meaningful is that T
and S have the same domain and range.

Definition (Zero or Neutral Operator).

The operator O such that O(x) = θ for all x in its domain is
called the zero or neutral operator.
The following consequences of the definitions above are deduced
readily. The proofs are left to the reader.

Theorem: (Commutativity in Addition)

T + S = S + T

Theorem: (Linearity of the Sum of Two Operators)

The sum of two linear operators is a linear operator.

Theorem: (Neutral Operator):
For O being the zero operator

T + O = O + T = T

for all T compatible with it.

The neutral operator allows to define the negative operator S for
a given T as: T + S = 0.

Example.
For the linear operators T and S as:

T (x1, x2, x3) = (x1 + x2, x2 + x3)

S(x1, x2, x3) = (3x1 − 2x2, x1 + x3)

the sum operator R = T + S is defined as:

R(x1, x2, x3) = T (x1, x2, x3)+S(x1, x2, x3) = (4x1−x2, x1+x2+2x3)
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Similar to addition of two operators, the product is also defined by
the action of the operators on a test element. This operation also
requires certain compatibility conditions. Thus,

Definition.(Product of Two Operators).
The product R of two linear operators R and S is defined as

R(x) = (TS)(x) = T (S(x)).

This definition is illustrated in Figure 4. A necessary condition
for this definition to be meaningful is that T admits the range of S
as its domain. Furthermore, from the definition there is no reason
for the product to be commutative. Thus, TS 6= ST , in general.

Figure 4.

Schematic representation of the product of operators.

The following consequences of the definitions above are deduced
realite. The proofs are left to the reader.

Theorem. (Linearity of the Product Operator). The product
TS of two linear operators T and S is also a linear operator.

Example.
For the linear operators

T (x1, x2, x3) = (x1 + x2, x2 + x3)

S(y1, y2) = (2y1 − y2, y2 + 3y2)

the product R = ST is obtained as

R(x1, x2, x3) = S(T (x1, x2, x3)) =

S(x1 + x2, x2 + x3) =

2((x1 + x2)− (x2 + x3), (x2 + x3) + 3(x2 + x3))

(2x1 + x2 − x3, x1 + 4x2 + 3x3)

On the other hand, the product TS is incompatible since the range
of S is E2 which is not the domain of T and thus TS is undefined.
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As for the operation of addition, it is essential to define a neutral
operator under product, i.e. an identity operator, in order to intro-
duce the concept of an operator. Thus,

Definition. (Identity Operator).

The operator I such that I(x) = x for all x in its domain is called
the identity operator.

An immediate consequence of this definition is that the domain
and the range of I must be of the same structure since both admit
the same x as an element.
Based on the definition of the identity operator, the inverse of a lin-
ear operator T can be defined as an operator such that its product
with T gives the identity operator. However, unlike for addition, the
product being non-commutative in general, the inverse depends on
whether it multiplies the original operator on the left or the right.
Definition. (Right Inverse).
The operator R such that TR = I is called the right inverse of T .

Definition. (Left Inverse). The operator L such that LT = I is
called the left inverse of T .

Although the existence of the left and their uniqueness are some-
what confusing concepts, the following theorem, given without proof,
is a powerful criterion to this respect. Thus,

Theorem. (Uniqueness of the Inverse).
If a linear operator T is a one-to-one mapping, it has a unique left
inverse which is at the same time a unique inverse.

In this case, the inverse is indicated by T−1 and T−1T = TT−1 =
I.
A concept closely related to product is that of power. This involves
the product of an operator by itself several times. By the definition
of the product, for the compatibility of the product of an operator
T with itself, it follows that the domain and the range must have
the same structure. Thus,
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Definition. (Power of an Operator). For n a positive integer
and where the product is defined:

T n+1 = T nT

T 0 = I

The case of n being a positive integer follows by simple induction.
However, the case of n being negative also brings no additional com-
plication. A negative integer power T−n(n > 0) is to be interpreted
as the nth power of T−1, if this latter exists.

Examples.
1. For T such as

T (x1, x2) = (x1 + x2, x1 − x2)

the operator T 2 is

T 2(x1, x2) = T (T (x1, x2)) = T (x1 + x2, x1 − x2) = (2x1, 2x2)

2. For T such as

T (f) =
df

dx
+ f

the operator T 2 is

T 2(f) = T (T (f)) = T (
df

dx
+ f) =

d

dx
(
df

dx
+ f) +

df

dx
+ f =

d2f

dx2
+ 2

df

dx
+ f

Notice that T is a first order linear differential operator. Its square
is also a linear operator, but is a second order linear differential
operator.

2.3 Linear transformation represented by ma-
trices

Consider a linear operator A such as: A(x) = y, where x and y are
elements of finite dimensional spaces with dimensions m and n re-
spectively Let e1, e2, ..., em be a basis for the domain and f1, f2, ..., fn
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for the range of A. Thus:

x = x1e1 + x2e2 + ... + xmem =
m∑

j=1

xjej

y = y1f1 + y2f2 + ... + ynfn =
n∑

i=1

yifi

Since the mapping A(x) = y above is defined for all x in the domain,
particular the mapping of each ei is expressible in terms of the fj.
Thus

A(ej) =
m∑

i=1

aijfj, j = 1, 2...m

Due to the linearity of A,

A(x) =
m∑

j=1

xjA(ej)

The substitution of A(ej) from the representation above yields:

m∑

j=1

xj

m∑

i=1

aijfj =
n∑

i=1

yifi

Since m and n are finite, the order of summatiom may always be
interchanged and the above equation yields:

m∑

j=1

{
m∑

i=1

(aijxj − yi)}fi = 0

Since fi is a basis, the linear relation above implies each of coefficient
to be zero. Thus:

m∑

i=1

aijxj = yi, i = 1, 2, ...n

The importance of the representation of the mapping A(x) = y in
terms of scalars as above lies in the fact that the linear operator A
may be represented by the two-dimensional scalar array {aij}. This
array is called as the matrix representation of the linear operator A
or simply the matrix A. The scalars {aij} are called the components
of the matrix denoted as A. Their interpretation is clear: {aij} is
the ith component of the transformation of ei in the basis {fi}. The
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possibility of representing the operator A by a set of scalars {aij}
brings great simplifications in applications. The scalar are arranged
as a two-dimensional array with the first index indicating the row
and the second the column where it is to be placed. Pictorially, the
matrix is represented with A(ej) being its jth column:




A(e1) A(e2) · · · A(em)
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




=




a11 a12 · · · a1m)
a21 a22 · · · a2m

· · · · · · · · · · · ·
· · · · · · · · · · · ·
an1 an2 · · · anm




The importance of matrices in applied mathematics lies in the
fact that they arise in
(a) algebraic equations with a finite number of unknowns;
(b) difference equations;
(c) approximations to differential and integral operators;
(d) systems of differential equations;
(e) coordinate transformations;
(f) probability theory;
(g) input-output analysis;
(h) linear programming;
(i) Markov chains, to name a few areas.

2.4 Determinants

For square matrices, an additional quantity is defined: the deter-
minant. Eventually, practical rules will be deduced for calculating
the determinant of a square matrix. It seems worthwhile however to
deduce those practical rules from a basic definition of determinant
rather than giving them as a set of empirical rules.

Definition. (determinant of a Square Matrix)
The scalar d, d = (A1, A2, ...An) defined by the following axioms
is called the determinant of the square matrix A with the n -
dimensional row vectors A1, A2, ...An

Axiom D1: Homogeneity in each row:

d(A1, ..., tAk, ..., An) = td(A1, ..., Ak, ..., An)
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Axiom D2: Additivity in each row:

d(A1, ..., Ak + C, ..., An) = d(A1, ..., Ak, ..., An) + d(A1, ..., C, ..., An)

Axiom D3: Zero determinant for equal rows:

d(A1, ..., Ak, Ap, ..., An) = 0

if Ak = A1

Axiom D4: Determinant for the unit matrix:

d(I1, I2, ..., In) = 1,

where Ik = (0, ..., 1, ...0).

Some Immediate Consequences of the Axioms.

(a) The determinant of a square matrix is unique.
(b) The determinant is zero if any row is the zero vector;
i.e. d(A1, ..., 0, ..., An) = 0
(c) The determinant changes sign if any two rows are interchanged;
i.e.

d(A1, ..., Ak, Ap, ..., An) = −d(A1, ..., Ap, Ak, ..., An)

(d) The determinant doesn’t change by adding a multiple of a
row to any other; i.e.

d(A1, ..., Ak + αAp, ..., Ap, An) =

d(A1, ..., Ak, Ap, ..., An)

(e) The determinant of a diagonal matrix is the product of its
diagonal elements.

(f) The determinant of a triangular matrix is the product of its
diagonal elements.

(g) The determinant of the product of two matrixes is equal to
the product of their determinants; i.e. det(AB) = (detA)(detB).

(h) If A is nonsingular, then detA 6= 0 and detA−1 = (detA)−1

(proof: If A−1 exists, AA−1 = I The theorem follows by taking the
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determinants and using(g)).

Axiom D1 and results (c) and (d) above are called the elemen-
tary operations. These operational properties of determinants
suggest a practical method called the Gauss-Jordan process. This
process is a systematic way of reducing a matrix to its triangular
form through the use of the elementary operations.

2.5 Rank of a matrix and systems of equations

In the representation y = A(x), we saw by the linearity of A that y
is of the form

y = x1A(e1) + x2A(e2) + ... + xmA(em)

Hence typical vector y in the range of A is expressed as a linear
combination of {A(ej)}. This means that the range of A is the
linear span of the set of vectors {A(ej)}. Therefore the rank of
A, i.e. the dimension for the range of A is equal to the number of
linearly independent vectors in this set. On the other hand, it is seen
that the vectors constitute the columns in the matrix representation
of A. Cast in the matrix language, the rank of a matrix is therefore
equal to the number of its linearly independent columns.
A common application of matrices is in systems of linear equations.
Indeed, the linear mapping A(x) = y is called an equation when
y = b is given. Written in the matrix representation, the linear
mapping A(x) = b becomes a system of algebraic equations for the
unknowns x1, x2, ..., xm of the form:

a11x1 + a12x2 + ... + a1mxm = b1

a21x1 + a22x2 + ... + a2mxm = b2

. . . . . .

an1x1 + an2x2 + ... + anmxm = bn

The above system of equation may be written in compact form as
A.x = b where the matrix A has the elements aij, the vectors x and b
respectively have the elements x1, x2, ..., xn and b1, b2, ...bn.The equa-
tion above may be interpreted as a linear mapping of the vector x in
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Em, onto the vector b in En and the solution of system of equations
amounts to determining the vector x when its mapping b is known.
A practical method of solution, called the Gaussian elimination is
based on the use of elementary operations in order to bring 1 on the
diagonal of A and have zeros below the diagonal is the end of these
operations.
Interpreted in operator formalism for Ax = b to have no solution
means that b is not an element in the range of A. Conversely if the
system has solutions, it means that b is an element of the range of
A. However the case with a unique solution implies that A is a one-
to-one mapping while the case with an infinity of solutions implies
that A is not a one-to-one operator.
Moreover it chould be recalled that the columns of the matrix rep-
resentation of A span its range. Hence b will be in the range of
A if it is linearly dependent on the columns of A. If b is linearly
dependent on the columns of A, the rank of the matrix obtained
from A by adding b as a last column will be the same as that of
A. This latter matrix represented as [A|b] is called the augmented
matrix. Contrary to above, if b is not in the range of A, it will not
be linearly dependent on the columns of the matrix representation
of A. This means that the columns of the augmented matrix will
have one more linearly independent vector, i.e. rank [A|b] will be
larger than rank [A].
Clearly, if b is in the range of A, i.e. rankA = rank [A|b], one needs
further information to decide whether the solution is unique or not.
This can be readily answered by consideration of the null space of
A. Indeed if the null space of A is not trivial, any solution x gives
further solutions of the form x + k where k is an element of the null
space, i.e. A(k) = 0. Conversely, if the mill space of A contains
only the zero element, an x such as A(x) = b is going to be the only
solution. Therefore the criterion for deciding about the uniqueness
of the solution is the nullity of a to be zero. On the other hand it
is known as a theorem that dimension of the domain of A = nullity
of A + rank of A. Hence, if the nullity is zero, the dimension of the
domain of A equals the rank of A. On the other hand, x being an
element of the domain of A, the number of its components equals
the dimension of the domain. Thus the following theorem:
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Theorem. (Existence of Solution of Algebraic Equations). The
system of algebraic equations Ax = b has a solution if RankA =
Rank[A|b] and conversely no solution exists if RankA = Rank[A|b].
The use of determinants allows to make the above ideals more op-
erational by calculating ranks as from non-vanishing determinants.
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Chapter 3

EIGENVALUE PROBLEM

3.1 Transformations of matrices.

The basis concept of a matrix was obtained in the previous section
as the image of a linear operator with respect to two bases, one for
the domain and one for the range. Consequently, the same linear
operator may be represented by different matrices depending on the
choice of the bases for the domain and target space. Certain forms,
i.e., diagonal or Jordan, may be preferred by their simplicity to a
full matrix. Thus a change in the bases or a transformation of the
bases, amounts in a change or transformation of the matrix. Rather
than naming certain transformations, effort will be made to moti-
vate how various transformations arise.
Consider first the mapping Ax = b. Let Q be a matrix such that
x = Qy and b = Pc. The substitution of the transformation yields:
AQy = Pc or for a nonsingular P , (P−1AQ)y = c
In the case where P = Q, the above transformation reads: (Q−1AQ)y =
c. The matrix B = Q−1AQ is said to be obtained from A by
a similarity transformation. We shall later study methods of
constructing the matrix Q such that Q−1AQ yields a particularly
simple form: diagonal or Jordan.
As a second example, consider the expression A = xTAx called a
quadratic form. Again the transformation x = Qy in view of
xT = (Qy)T = yTQT yields: A = yT (QTAQ)y. Thus new matrix
B = QTAQ is obtained by a transformation of A that is called a
congruence transformation.
If the matrix Q is such that QT = Q−1, it is called an orthonor-

31
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malal matrix and the similarity transformation involving Q is
called an orthogonal transformation. It should be noted that
an orthogonal transformation is simultaneously a congruence trans-
formation. The following theorem expresses an important property
or orthogonal transformation.
Theorem. An orthogonal transformation preserves norm and scalar
product.
Proof. For the orthogonal transformation Q such that x = Qu and
y = Qv

(x,y) = xT · y = uTQT ·Qv = uT · v
With x = y, the above results yields |x| = |u|. The geometric in-
terpretation of orthogonal transforms that it preserves the lengths
and angles, i.e. the geometry of shapes.
Example: The matrix

Q =

[
cos α − sin α
sin α cos α

]

represents a rotation by an angle α in two-dimensional Euclidean
space (i.e. the plane). It is easily seen that Q−1 = QT .
A further property of orthogonal matrices is expressed by the fol-
lowing theorem.
Theorem. For an orthogonal matrix Q, detQ = 1or− 1.
Proof. Since Q−1 = QT for an orthogonal matrix, then QT Q = I.
Thus det(QT)det(Q) = 1. As det(QT ) = det(Q), there follows
(det(Q)2 = 1 and det(Q) = ±1.
As a geometric interpretation in E3, orthogonal matrices with detQ =
1 correspond to a pure rotation and orthogonal matrices with
detQ = −1 correspond to a rotation and a reflection. Equivalently,
the trasformation
with detQ = 1 represents a mapping from a right-handed (or left-
handed) system to a right-handed (or left-handed)) system. Con-
versely the
transformation with detQ = −1 represents a mapping from a right-
handed (or left-handed) system to a left handed (or left-handed)system.
Examples: For

Q =

[
cos α − sin α
sin α cos α

]

P =

[
cos α sin α
sin α − cos α

]
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correspond respectively to transformations from a right-handed sys-
tem to a right-handed system and to a left-handed system.

3.2 Eigenvalue problem for matrices.

For every square matrix there exist certain special vectors called
characteristic or eigen vectors that are mapped onto themselves:

Ae = λe

The scalar λ in this mapping is called the Eigenvalue.
The eigenvalues and eigenvectors are important for they usually
carry an important information as well as they are auxiliary tools
for solving mathematical problems related to matrices such as the
Diagonalization of matrices.
Introducing the identity matrix I, the eigenvalue equation above
may be rewritten as a homogeneous equation:

(A− λI)e = 0

The non-trivial solutions of this equation exist for

det[A− λI] = 0

This equation is a polynomial of degree n in λ, with n being the order
of the matrix A, since the determinant contains the n -tuple prod-
ucts of its elements. The polynomial in λ defined above is called the
characteristic polynomial; is of degree n and hence has n (real or
complex, dictinct or multiple) roots. The roots λ1, λ2, ..., λn of the
characteristic polynomial are called the characteristic values or
the eigenvalues and the set of eigenvalues is called the spectrum
of the matrix.
Example. We seek the eigenvalues and eigenvectors for the matrix

A =

[
3 1
1 3

]

The characteristic polynomial is:

P (λ) = det[A− λI] = λ2 − 6λ + 8
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The roots of P (λ) = 0 are the eigenvalues: λ1 = 2 and λ2 = 4. To
find the eigenvectors, we use the equations

(A− λ1I)e
(1) = 0

(A− λ2I)e
(2) = 0

For λ1 = 2, there exists only one independent equation for e(1) =

(v
(1)
1 , v

(1)
2 ):

v
(1)
1 + v

(1)
2 = 0

For an arbitrary choice of v
(1)
1 = 1, the eigenvector is determined as:

e(1) = (1,−1). By the similar calculations for λ2, one obtains again

one independent equation for e(1) = (v
(2)
1 , v

(2)
2 ):

−v
(2)
1 + v

(2)
2 = 0

For the arbitrary choice of v
(2)
1 = 1 the eigenvector is obtained to

be: e(2) = (1, 1).
Viewed in operator formalism, the eigenvalue problem amounts to
determining the special values λk, for k = 1, 2, ..., n for which the
operator A − λkI has a nontrivial null space. The corresponding
eigenvector (or if λk is a multiple root, set of the corresponding
eigenvectors) is a basis for the null space.
The following theorem illustrates the importance of the set of eigen-
vectors of a matrix.

Theorem. (Eigenvectors corresponding to distinct eigenvalues).
The eigenvectors corresponding to distinct eigenvalues are linearly
independent.

bf Proof. We seek to show that the linear relation Σcke
(k) = θ

has only the trivial solution c1 = c2 = ... = cn = 0. The proof is by
induction by proving, that the eigenvector e(2) is linearly indepen-
dent from e(1), that is linearly independent from e(2) and e(1) and
so on.
First consider the relationship

c1e
(1) + c2e

(2) = 0

Applying the matrix A and making use of linearity and that e(1), e(2)

are eigenvectors one has:

A(c1e
(1) + c2e

(2)) = c1Ae(1) + c2Ae(2) = c1λ1e
(1) + c2λ2e

(2)
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The replacement of c2e
(2) by −c1e

(1) from the starting linear rela-
tionship

c1e
(1) + c2e

(2) = 0

in the above equation yields:

c1(λ1 − λ2)e
(1) = 0

Since λ1 and λ2 are different, the only possibility is c1 = 0. The use
of c1 = 0 in the linear relatioship
c1e

(1) + c2e
(2) = 0 yields c2 = 0, which proves that the linear rela-

tionship has only the trivial solution for the coefficients c1 and c2 so
that e(1) and e(2) are linearly independent.

Discussion on multiple eigenvalues. The linear indepen-
dence of the eigenvectors suggests the possibility of using them as
a basis for the domain and range of the matrix. In the case where
all of the eigenvectors are distinct, there are n linearly independent
vectors for an n dimensional space. Hence, this set forms a basis.
However an obstacle arises if all of the n eigenvalues of the matrix
are not distinct. In the case , the question of existence of mi lin-
early independent eigenvectors corresponding to the eigenvalue λi

of multiplicity mi is answered by the study of the rank of A− λiI.
Indeed, the dimension Ni of the null space of A − λiI is equal to
Ni = n − rank(A − λiI). Hence, the number of linearly indepen-
dent eigenvectors of A is Ni. Consequently, if Ni is equal to the
multiplicity mi of the eigenvalue λi, there corresponds mi linearly
independent eigenvectors of e(1).

Examples. 1. For the matrix

A =




2 2 1
1 3 1
1 2 2




the characteristic polynomial is

P (λ) = det[A− λI] = −(λ3 − 7λ2 + 11λ− 5)

The eigenvalues are found to be:

λ1 = 5λ2 = λ3 = 1; m2 = 2
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Thus, Rank(A − 5I) = 2, Rank(A− I) = 1. For the distinct root
λ1 = 5 the eigenvector is found from

(A− λ1I)e =



−3 2 1
1 −2 1
1 2 −3




A =




v1

v2

v3




A =




0
0
0




It is seen by inspection that the third equation is a linear combina-
tion of first two (-1 times the first equation +2 times the second).
Thus there exists two linearly independent equations. The arbitrary
choice of v1 = 1 yields the eigenvector e(1) = (1, 1, 1). For λ2 = λ3

(A− λ2I)e =




1 2 1
1 2 1
1 2 1




A =




v1

v2

v3




A =




0
0
0




It is seen that only one linearly independent equation exists and the
solution admits two arbitrary coefficients. Thus the two arbitrary
choices v2 = 0 and v3 = −1 yields the eigenvector e(2) = (1, 0,−1).
Similarly, the second arbitrary choice as v2 = −1 and v3 = 0 yields
the eigenvector e(3) = (2,−1, 0). These are easily checked to be
linearly independent as predicted by the theorem.
2. For the matrix

A =




1 1 2
0 1 0
0 0 1
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the eigenvalues are found to be: λ1 = λ2 = λ3 = 1; m3 = 3. On
the other hand, it is easily checked that Rank(A− I) = 1. Con-
sequently, there corresponds only 3 − 1 = 2 linearly independent
vectors to λ1 = 1. In fact (A− I)e = θ yields:

(A− I)e =




0 1 2
0 0 0
0 0 0




*

(A− λ1I)e =




v1

v2

v3




=

A =




0
0
0




Thus only v1 and one v2 of v3 may be chosen. Thus two linearly
independent solutions exist. An example is:

e(1) = (0,−2, 1), e(2) = (2,−1, 0)

The eigenvalue λ1 = 1 of multiplicity m3 = 3 can generate only two
linearly independent eigenvectors and is said to be of degeneracy 1.

3.3 Eigenvalue problem for symmetric matrices

If the matrices are specialised to be symmetric, their eigenvectors
enjoy two important properties expressed in the following theorems.
Theorem. (Real values). The eigenvalues of real symmetric matri-
ces are real.
Proof: The characterstic polynomial cooresponding to a real matrix
is real.
Therefore if it has a complex root λi, its complex conjugate λ∗i is
also a root. Consequently, for the eigenvector ei corresponding to
λi, e

∗
i is the eigenvalue corresponding to λ∗i

Aei = λiei

Ae∗i = λ∗i e
∗
i



38 CHAPTER 3. EIGENVALUE PROBLEM

Multiplying the first equation by e∗Ti on the left; second equation
by ei on the right after taking its transpose yields:

e∗Ti .T.ei = λie
∗T
i ei

eT ∗
i Tei = λ∗i e

∗T
i ei

Subtracting the second equation above from the first, one has:

0 = (λi − λ∗i )e
∗T
i ei

Since e∗T
∗

i ei is the norm of the vector ei is positive, i.e. non-zero.
Consequently, (λi − λ∗i ) = 0, which implies that λi is real valued.
It should be noticed also that the real valuedness of the eigenvalues
implies the eigenvectors are to be real valued as well, since these are
calculated from the set of linear equations with real coefficients.

Theorem. (orthogonality of eigenvectors).
The eigenvectors corresponding to different eigenvalues of a real
symmetric matrix are orthogonal.
Proof. For the eigenvalues λ1 and λ2 with λ1 and λ2 being different,
consider the eigenvalue problems:

Ae1 = λ1e1,

Ae2 = λ2e2

Multiplying the first equation by eT
2 on the left; the second equation

by e1 on the right after taking its transpose yields:

eT
2 ·Ae1 = λ1e

T
2 · e1

eT
2 ·Ae1 = λ2e

T
2 · e1

Subtracting the second eqution above from the first, one has:

0 = (λ1 − λ2)e
T
2 · e1

Since (λ1− λ2) is non-zero, eT
2 · e1 = 0 which is the orthogonality of

e1 and e2.

Theorem. (Multiple eigenvalues).
For a symmetric matrix with the eigenvalue λi of multiplicity mi

the dimension of the null space is mi. (For a proof, the reader is
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referred to more specialised books in the literature).

The significance of this theorem lies in that for a symmetric ma-
trix with the eigenvalue λi of multiplicity mi, it is always possible
to find mi linearly independent eigenvectors.
Furthermore, since it is always possible to orthogonalise a given ba-
sis, it is possible to construct the mi eigenvectors to be mutually
orthogonal. It chould be noticed that while the eigenvectors corre-
sponding to distinct eigenvalues are automatically orthogonal, those
corresponding to the same eigenvalue have to be ”constructed” as
orthogonal. From the preceding two theorems we conclude that a
symmetric matrix of order n, always has n orthogonal eigenvectors.

Example: Given

A =




7 −2 1
−2 10 −2
1 −2 7




We seek to solve the eigenvalue problem for the matrix. The char-
acteristic polynomial is

P (λ) = det[A− λI] =

−(λ3 − 24λ2 + 180λ− 432)

The eigenvalues are found to be:

λ1 = λ2 = 6; m1 = 2, λ3 = 12

For the multiple root λ1 = λ2 = 6, the eigenvector is found from

(A− 6I)e = 1




1 −2 1
−2 4 −2
1 −2 1







v1

v2

v3


 =




0
0
0




It is seen by inspection that the second and third rows are respec-
tively −2 and 1 times the first. Thus there exists only one linearly
independent equation. This equation has two arbitrary variables,
say v2 and v3. Thus:

e(1) = (1, 0,−1),

e(2) = (1, 1, 1)
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are two linearly independent solutions, which are constructed to be
orthogonal.
For λ3 = 12 the eigenvector is easily found from (A− 12I)e = 0:

(A− 12I)e = 1



−5 −2 1
−2 −2 −2
1 −2 −5







v1

v2

v3


 =




0
0
0




It is easily noticed by inspection that the last row is equal (−1) times
the first row , plus 2 times the second row so that it is not linearly
independent. For the arbitrary choice of v3 = 1, the eigenvector is
found to be

e(3) = (1,−2, 1)

It chould be noticed that e(3) is automatically orthogonal to e(1) and
e(2).
This above example shows that for a symmetric matrix even a mul-
tiple eigenvalue always has a sufficient number of independent eigen-
vectors.

3.4 Diagonalization of matrices.

The matrix was introduced as a representation (or an image) of a
linear transformation for a given of bases for the domain and the
range of the operator. Consequently, different matrices depending
on the choice of the bases may represent the same linear transfor-
mation. For a linear mapping with the domain and target space of
dimension n, suppose there exist n linearly independent eigenvec-
tors. These eigenvectors can be used as a basis for both the domain
and the target space. Consequently, by the matrix represetation
of the linear transformation as shown in Section 2.,we immediately
have:

A(ej) = λjej = Σaijej

It thus follows that aij = λj while all other aij are zero; i.e. the
matrix with the elements defined above by using the eigenvectors
of the operator is diagonal. It should be noticed that for the above
construction, the eigenvalues need not be distinct while there suf-
fices to have n linearly independent eigenvectors.
The above reasoning can be made operationally more convenient
in the matrix notation. To appreciate its importance, let us recall
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that the transformations x = Qy,b = Qc in the matrix equation
Ax = b yields: (Q−1AQ)y = c. The transformation above would
appear simplest if the matrix (Q−1AQ) was in diagonal form. To-
wards obtaining the similarity transformation that diagonalises A,
consider collecting all of the n eigenvalue equations for the matrix
together. We thus have:

Ae1 = λ1e1

Ae2 = λ2e2

. . . . . . . . .

Aen = λnen

Since all of the eigenvectors multiply the same A on the right, the set
of n vector equations above may be collected together into a single
matrix equation by writing the eigenvectors one after the other to
form the columns of a matrix:

A




e1 e2 · · · e3
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




=




λ1e1 λ2e2 · · · λnen
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




=

Identifying the matrix with the eigenvectors as its columns by Q,
the right hand side of the equation above may be written as:




λ1e1 λ2e2 · · · λnen
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




=




e1 e2 · · · e3
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓







λ1 0 · · · 0
0 λ2 · · · 0
· · · · · · · · · · · ·
0 0 · · · λn




or defining Λ as the diagonal matrix with the eigenvalues on the
diagonal, the above equation can be expressed in the compact form:

AQ = QΛ

The matrix Q being made of linearly independent vectors as its
columns,is nonsingular,i.e. Q−1 exists. Thus multiplying the above



42 CHAPTER 3. EIGENVALUE PROBLEM

equation by Q−1 on the left results in the similarity transformation
that reduces the matrix to a diagonal form as:

Q−1AQ = Λ

Thus we have proven the following theorem.

Theorem. (Diagonalization of Matrices).
If the square matrix A with n columns and rows possesses n linearly
independent eigenvectors, then it can always be put in its diagonal
form by the similarity transformation Q−1AQ where the matrix Q
has the n eigenvectors as its columns.

A special situation exists when the matrix A is symmetric as a
result of the orthogonality of its eigenvectors. In constructing Q for
a symmetric matrix, if the eigenvecotrs are-normalised, Q becomes
an orthonormal matrix. The following theorem specifies this prop-
erty.

Theorem. (Orthogonality of the Matrix of Eigenvectors). The
matrix Q having as its columns the normalised eigenvectors of a
symmetric matrix is an orthonormal matrix.
Proof: For

Q =




e1 e2 · · · en
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




implies

QTQ =




eT1 · · · · · · →
eT2 · · · · · · →
· · · · · · · · · · · ·
· · · · · · · · · · · ·
eTn · · · · · · →







e1 e2 · · · en
...

...
...

...
...

...
...

...
↓ ↓ ↓ ↓




=




1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · ·
0 0 0 · · · 1




Thus QTQ = I or QT = Q−1. In view of this property of Q, the
similarity transformation in becomes also a congruence transforma-
tion or an orthogonal transformation.
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Example:
We seek to find the orthogonal transformation that diagonalises the
matrix of the example in Section 3.3:

A =




7 −2 1
−2 10 −2
1 −2 7




The eigenvalues are found to be:

λ1 = 12,

λ2 = λ3 = 6; m2 = 2

and the corresponding eigenvectors were

e(1) = (1, 0,−1); e(2) = (1, 1, 1); e(3) = (1,−2, 1)

With the normalisation of the eigenvectors, the matrix Q then is
obtained as:

Q =




1/2 1/3 1/6
0 1/3 −2/6

−1/2 1/3 1/6




It can directly be checked that QT Q = I, QT = Q−1 and

QTAQ =




6 0 0
0 6 0
0 0 12




This example illustrates that even when a symmetric matrix has
multiple eigenvalues, it is possible to diagonals it.

Example: We seek to find the orthogonal transformation that
diagonalises the matrix

A =

[
1 2
4 3

]

The eigenvalues are obtained to be: λ1 = −1, λ2 = 5. The corre-
sponding eigenvectors are:

e1 = (1,−1), e2 = (1, 2)
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The matrix Q, its inverse and the similarity transformations are
calculated to be:

Q =

[
1 1
−1 2

]

Q−1 =

[
2/3 −1/3
1/3 1/3

]

Q−1AQ =

[
−1 0
0 5

]

It is also readily checked that the eigenvectors are not orthogonal.

Example: We seek to find the orthogonal transformation that
diagonalises the matrix

A =

[
2 1
0 2

]

The eigenvalues and the corresponding eigenvectors are obtained
to be: λ1 = λ2 = 2. For the eigenvalue with multiplicity two,
in this case only one eigenvector can be obtained and hence the
matrix Q cannot be constructed. Consequently, this matrix cannot
be diagonalised. The matrix in this example is said to be in the
Jordan form. When a matrix cannot be diagonalised, it can always
be reduced to a Jordan form.
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3.5 Quadratic forms and definite matrices

.
The quadratic form

A = ΣN
i=1Σ

N
j=1aijxixj = a11x

2
1 + 2a12x1x2 + a22x

2
2 + · · ·

appears in many applications representing for instance kinetic en-
ergy, potential energy, a target function to optimize, a surface, etc.
A as a function of the n variables {xj, j = 1, 2, ...N}, may be written
by introducing the symmetric matrix A with elements aij = aji as

A = xT ·Ax

The quadratic form would take on its simplest form in a coordinate
system where only the squares of the cootdinates appeared. To this
aim, consider a coordinate transformation as x = Qy. Substitution
of x above into the quadratic form results in

A = yT · (QTAQ)y

Sect 3.3 about the diagonalization of symmetric matrices shows that
with Q having the normalized eigenvectors of A as its columns,
QTAQ results in a diagonal matrix. Furthermore, the diagonal
elements of ??? are the eigenvalues of A. Thus, in the transformed
coordinates y1, y2, ..., yn, A reads:

A = Σλiy
2
i = λ1y

2
1 + λ2y

2
2 + λ3y

2
3 + ...

The above representation of in not having mixed terms is said to be
the canonical form. This form of the quadratic expression allows
one to understand the shape of the function that is not transparent
in the x1, x2, ...xn coordinates.
In many applications, the physical requirements are such that A be
always positive and be zero only for x = 0.

Definition. (Positive definiteness). The quadratic form A =
xT ·Ax and the associated matrix A are called positive definite,
if A > 0 for all values of xi and A = 0 only for x = 0.
The canonical representation of the quadratic form provides the nec-
essary and sufficient conditions of positive definiteness: if all λi are
positive, A is too and conversely if A is positive definite, the λi are
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necessarily positive also. Hence we state the following theorem.

Theorem. (Positive definiteness). The necessary and sufficient
conditions for a quadratic form and the associated matrix to be pos-
itive definite are that all of its eigenvalues be positive.

Examples. Finding the canonical representations of quadratic
forms.

1. For
A = 5x2

1 + 4x1x2 + 2x2
2 = xT · Ax

we have

A =

[
5 2
2 2

]

The corresponding eigenvalues and eigenvectors are found to be:

λ1 = 6, λ2 = 1

and
u1 = (2, 1)/51/2, u2 = (−1, 2)/51/2

Thus, for x = Q.y, with Q having u1 and u2 as its columns, we find
the canonical form as:

A = 6y2
1 + y2

2

Geometrically, A takes as constants represents a family of concentric
ellipses. In the (x1, x2) plane, the principal axes are along u1 and
u2 and are of length (A/6)1/2 and A1/2 respectively. Similarly the
function A = A(x1, x2) represents an elliptic paraboloid surface in
the three dimensional (x1, x2, A) space.

2. For
A = −x2

1 + 4x1x2 + 2x2
2 = xT · Ax

we have

A =

[
−1 2
2 2

]

The corresponding eigenvalues and eigenvectors are found to be:

λ1 = 3, λ2 = −2
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and
u1 = (1, 2)/51/2, u2 = (−2, 1)/51/2

Thus, for x = Qy, with Q having u1 and u2 as its columns, we find
the canonical form as:

A = 3y2
1 − 2y2

2

Geometrically, A takes as constants represents a family of hyperbo-
las. In the (x1, x2) plane, the principal axes are along u1 and u2 and
are of length (A/3)1/2 and (A/2)1/2 respectively. Similarly the func-
tion A = A(x1, x2) represents a hyperbolic paraboloid surface, i.e.
a saddle point geometry in the three dimensional (x1, x2, A) space.
3. For

A = x2
1 + 4x1x2 + 4x2

2

we have

A =

[
1 2
2 4

]

The corresponding eigenvalues and eigenvectors are found to be:

λ1 = 5, λ2 = 0

and
u1 = (1, 2)/51/2, u2 = (−2, 1)/51/2

Thus, for x = Qy, with Q having u1 and u2 as its columns, we find
the canonical form as:

A = 5y2
1

Geometrically, A = constant represents a family of parabolic cylin-
ders with the axis in the u2 direction in the (x1, x2) plane.

3.6 Functions of matrices

.
The powers of the matrix A are defined as:

A0 = I,Ak = Ak−1A

From this definition it is clear that the matrix Ak commutes with
Al and that

AkAl = AlAk = Ak+1
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The product ckA
k of any power of A by a scalar ck is called a

monomial in the matrix A. The sum of a finite number of monomials
with k = 1, 2, ..., p is called a polynomial of degree p in the matrix
A:

P (A) = ΣckA
k

Theorem. (eigenvalues of a power of a matrix). For λi being an
eigenvalue of a matrix A and vi being the corresponding eigenvec-
tor, λk

i is an eigenvalue and ui is the corresponding eigenvector of Ak.

Proof: The eigenvalue equation Aui = λiui, after multiplicition
by A yields:

A2ui = λi(Aui) = λ2
i ui

Multiplying consecutively the above equation by A and using the
eigenvalue equation each time, we generate Akui = λk

i ui which is
the proof of the theorem.

Corollary (eigenvalues of matrix polynomials). For λi being an
eigenvalue of a matrix A and ui being the corresponding eigenvector,
P (λi) is an eigenvalue and ui is the corresponding eigenvector of
P (A).
The proof follows readily by using the result above for each power
in each of the terms of a polynomial:

P (A)ui = ΣckA
kui = (Σckλ

k
i )ui = P (λi)ui

The following theorem highlights the functions of matrices and is of
practical and theoretical importance.

Theorem. (Cayley-Hamilton). Every matrix satisfies its own
characteristic polynomial P (λ) = det[A− λI].

Proof. The above result P (A)ui = P (λi)ui holds for any poly-
nomial. In particular for P (λ) being the characteristic polynomial,
by definition P (λi) = 0. Thus,

P (A)ui = 0

For ui being a nontrivial vector and the result above being true for
the whole set of eigenvectors which form a basis, we have

P (A) = O
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where O is the the null matrix.
Written explicitly, the characteristic polynomial P (λ) is of degree n
of the form:

P (λ) = (−1)−1(λn
i − I1λ

n−1 + I2λ
n−2 + ... + (−1)−nIn)

where I1, I2, I3, ..., In are some specific numbers, called as the invari-
ants of the matrix A. Thus, P (A) = 0 yields:

An = I1A
n−1 − I2A

n−2 + I3A
n−3 + ... + (−1)nInI

Viewed in this form, the Cayley-Hamilton Theorem states that the
nth power of an (n× n) matrix is expressible in terms of powers of
A up to n − 1. Taking the product of the above representation by
A,we find:

An+1 = I1A
n − I2A

n−1 + I3A
n−2 + ... + +(−1)nInA

Above, An may be substituted by the expression above to obtain
An+1 in terms of powers of A up to n− 1 again. Proceeding in this
direction, we prove the following corollary.

Corollary. (powers of a matrix) Any power k > n−1ofAk with
A being an n × n matrix is expressible as a linear combination of
I,A, ...,An−1:

Ak = b0I + b1A + b2A
2 + ... + bn−1A

n−1

The use of the above corollary permits to state even a more general
result about polynomials of matrices.

Corollary. (Polynomials of a matrix) Any polynomial P (A) of
order p ≥ n of the matrix A of order n, is expressible as a linear
combination of I,A, ...,An−1

P (A) = b0I + b1A + b2A
2 + ... + bn−1A

n−1

The proof follows immediately from the previous corollary for each
term of power k ≥ n in the polynomial.

The previous corollary is also extended to cover convergent in-
finite series of. Consequently, any matrix function f(A) such that



50 CHAPTER 3. EIGENVALUE PROBLEM

f(x) has a convergent Taylor series (e.g. ex, sin x, etc.) is expressible
as a linear combination of I,A, ...,An−1:

f(A) = b0I + b1A + b2A
2 + ... + bn−1A

n−1

Similarly, the result on the eigenvalues and eigenvectors for P (A)
may also be generalized to any function f(A) as:

f(A)ui = f(λi)ui

This means that the eigenvectors ui of A are also the eigenvectors
of any function f(A) with the eigenvalues f(λi)

A method for calculating functions of matrices.
The method for calculating powers of a matrix by the use of

the Cayley-Hamilton theorem is not practical for high powers and
is impossible for infinite series of the matrix. Instead, an indirect
method based on the theorems above proves more convenient. We
proved that it is possible to express any f(A) as

f(A) = b0I + b1A + b2A
2 + ... + bn−1A

n−1

where b0, b1, b2, ..., bn−1 are yet unknown coefficients. Thus, for any
eigenvalue λi, f(A)ui = f(λi)ui or in view of the definition of f(A):

(b0 + b1λi + b2λ
2
i + ... + bn−1λ

n−1
i )ui = f(λi)ui

Consequently for each of i = 1, 2, ..., n we equate the coefficients by
removing the eigenvector ui to have n equations of the form:

b0 + b1λi + b2λ
2
i + ... + bn−1λ

n−1
i = f(λi), i = 0, 1, ...n− 1.

We can solve for the unknowns bi, i = 0, 1, ..., n− 1

A method for calculating functions of matrices using
diagonalization.

An alternative for calculating functions of matrices utilizes the
diagonal form. The collective use of the eigenvectors of a matrix A
to build the modal matrix Q having the eigenvectors as its columns
yields the diagonal form:
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Q−1f(A)Q =




f(λ1) 0 0 · · · 0
0 f(λ2) 0 · · · 0
0 0 f(λ3) · · · 0
· · · · · · · · · · · ·
0 0 · · · f(λn−1) 0
0 0 0 · · · f(λn)




The use of the products of the above expression by respectively
Q and Q−1 on the right and left yields:

f(A) = Q




f(λ1) 0 0 · · · 0
0 f(λ2) 0 · · · 0
0 0 f(λ3) · · · 0
· · · · · · · · · · · ·
0 0 · · · f(λn−1) 0
0 0 0 · · · f(λn)




Q−1

Examples:

1. We wish to calculate A3 by using the Cayley-Hamilton Theo-
rem for

A =

[
1 2
4 3

]

The characteristic polynomial

P (λ) = det|A− λI|
is:

P (λ) = λ2 − 4λ− 5.

By Cayley-Hamilton theorem

P (A) = 0,

i.e.
A2 − 4A− 5I = 0.

Thus, A2 = 4A + 5I. Forming the product of the above equation
with A, we have:

A3 = 4A2 + 5A
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A2 on the right hand side may be substituted by the use of P (A) = 0
to obtain:

A3 = 4(A + 5I) + 5A

Thus

A3 = 20I + 21A =

A =

[
41 42
84 83

]

2. Calculate A3 by the method using eigenvalues. The eigen-
values of A in the last example are: λ1 = −1 and λ2 = 5. By
the general representation, it is always possible to express A3 as a
combination of A and I = A0:

A3 = b0I + b1A

In order to determine the coefficients b0 and b1, we take the of by
u1 and u2 and make use of the eigenvalues to obtain:

A3u1 = (b0I + b1A)u1

A3u2 = (b0I + b1A)u2

In the above equating the coefficients of u1 and u2 and substituting
λ1 = −1 and λ2 = 5 from above, we have

b0 − b1 = −1

and

b0 + 5b1 = 125

Solving for b0 and b1, we find b0 = 20 and b1 = 21. The use of b0

and b1 in A3 yields the same result as that obtained by the direct
use of the Cayley-Hamilton Theorem.

3. We wish to calculate A3 by using the diagonalization of A in
the preceding example. For A the eigenvalues were found to be λ1 =
−1 and λ2 = 5. The corresponding eigenvectors are: u1 = (1,−1)
and u2 = (1, 2). The modal matrix Q and its inverse respectively
become:

Q =

[
1 1
−1 2

]
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Q−1 =

[
2/3 −1/3
1/3 1/3

]

The result it obtained as:

A3 = Q

[
(−1)3 0

0 53

]
Q−1

This product yields the same result as those obtained by the two
previous medhods.

4. For A as in the preceding example, we wish to evaluate eA.
In this case, the direct method proves impossible, since eA results,
when Taylor expanded, in an infinite series. We proceed therefore,
by the other two methods.
For eA = b0I + b1A yields by the same eigenvalue considerations as
above and with λ1 = −1 and λ2 = 5 as given above,

b0 − b1 = e−1 and b0 + 5b1 = e5 b0 and b1 are solved to be:
b0 = (5e−1 +e5)/6 and b1 = (−e−1 +e5)/6. Substituting b0, b1, I and
A yields the result for eA.
Similarly, as a second method, the use of diagonalization with Q
and Q−1 as in example 3,

eA = Q

[
e−1 0
0 e5

]
Q−1

The products above yields the same result as by the previous method
in a simpler way.


