Homework 1

All questions are equally weighted.

1. Let a_1 = (−1, 2, 0)^T , a_2 = (3, 2, 5)^T and a_3 = (5/2, 3, 5)^T . Are these vectors linearly independent? Do they span R^n?

2. Consider the set X = {(x_1, x_2) : x_1 ≥ 0, x_2 ≥ 0, x_1 + x_2 ≥ 2, x_2 ≤ 4}. Find a hyperplane such that X and the point (3, −2) are on different sides of the hyperplane. Write the equation of the hyperplane.

3. Find all extreme points of the following polyhedral set.

X = {(x_1, x_2, x_3) : x_1 − x_2 + x_3 ≤ 1, −x_1 + 2x_2 ≤ 4, x_1 ≥ 0, x_2 ≥ 0, x_3 ≥ 0}.

4. Let X = {x ∈ R^n : Ax ≤ b}, and let x_0 be such that Ax_0 < b. Can x_0 be an extreme point of X? Show why or why not.

5. Why does the following set have directions? Find all its extreme directions.

X = {(x_1, x_2, x_3) : −x_1+x_2 = 4, x_1−2x_2+x_3 ≤ 6, x_3 ≥ 1, x_1 ≥ 0, x_2 ≥ 0, x_3 ≥ 0}.