Homework 2

All questions are equally weighted. 1. a. Prove the following version of Farkas Lemma: Exactly one of the two systems below has a solution:

I. There exists x ≥ 0 such that Ax ≥ b.

II. There exists w ≥ 0 such that w^T A ≤ 0 and w^T b > 0. b. Use the result of part a. to show that if the primal problem

Minimize c^T x s.t.Ax ≥ b, x ≥ 0

has no feasible solutions, and if the dual problem has a feasible solution, then the dual problem is unbounded.

2. Consider the following primal problem with the polyhedron P = {x ∈ ℜ^4 : Ax ≤ b, Cx = d} where A = −1 −1 −3 −4 −4 −2 −2 −9 −8 −2 0 −5 0 −6 −7 −4 ,

b = [−8 − 17 − 15 − 17]^T , C = [13 11 12 22] and d = 58.

(a) Prove that x̂ = [1 1 1 1]^T is an extreme point of P . (b) Prove that x̂ is optimal for the LP

Minimize c^T x s.t.Ax ≤ b, Cx = d

for c = [59 39 38 85]^T .

(c) Is x̂ the only optimal point? If not, describe the entire optimal set. 3. Formulate the following problem as an LP. Find the largest ball B(x_c, R) = {x : ‖x − x_c‖_2 ≤ R} enclosed in a given polyhedron P = {x : a^T_i x ≤ b_i, i = 1, . . . , m}. In other words, express the problem

Maximize R s.t.B(x_c, R) ⊆ P as an LP. The problem variables are the center x_c ∈ ℜ^n and the radius R of the ball. Find its dual.

4. Consider the following primal linear program:

maximize c^T x s.t.Ax = b, x ≥ 0.

Find its dual. Construct an example of primal and dual in the above form where both are infeasible.

5. Exercise at the end of Page 8-17 of Lecture notes.