Homework 3

All questions are not equally weighted this time. Weights are given in brackets.

1.[10 points] Consider the following LP:

Maximize 2x_1 + x_2 − x_3

subject to x_1 + x_2 + 2x_3 ≤ 6

x_1 + 4x_2 − x_3 ≤ 4

x_1 ≥ 0, x_2 ≥ 0, x_3 ≥ 0

Find the optimal solution by evaluating the objective function at all extreme points of the constraint set. Show that this approach is valid in this problem. Now suppose the first constraint is replaced by x_1 + x_2 − 2x_3 ≤ 6. Can the same approach for finding the optimal solution be used again? Explain why or why not.

2.[10 points] Consider the polyhedral set consisting of points (x_1, x_2) such that x_1 + x_2 ≤ 1

x_1, x_2 both unrestricted. Verify algebraically that this set has no extreme points. Formulate an equivalent set in a higher dimension where all variables are restricted to be nonnegative. Show that extreme points of this set indeed exist. (Hint: replace x_i by x^′_i − x^{′′}_i where both x^′_i and x^{′′}_i are nonnegative for i = 1, 2.)

3.[15 points] Solve the following linear programming problem by the simplex method, at each iteration identifying B and B^{−1}.

Maximize 3x_1 + 2x_2 + x_3

subject to 2x_1 − 3x_2 + 2x_3 ≤ 3

−x_1 + x_2 + x_3 ≤ 5

x_1 ≥ 0, x_2 ≥ 0, x_3 ≥ 0

4. [10 points] Show that in the simplex method if a variable x_j leaves the basis, it cannot enter the basis in the next iteration.

5. [5 points] A p-dimensional polyhedron can have at most p extreme directions. Prove or disprove this statement.