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or electronic, fully or partially, you should indicate this in your answer.
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1.[3 points] Let A, C and D be given matrices with A non-vacuous (non-zero). Then
by a well-known theorem of the alternative, either

(I) Ax > 0 Cx ≥ 0 Dx = 0

has a solution x or

(II) AT y1 + CT y3 + DT y4 = 0, y1 ≥ 0, y3 ≥ 0

has a solution y1, y3, y4 but never both.

(a) Prove that (I) implies the negation of (II). Hint: Assume both hold, and try to
get a contradiction.

(b) Using the above theorem of the alternative, can you prove the following:
For each given matrix A, either Ax > 0 has a solution x or AT y = 0, y ≥ 0
has a solution but never both.

2.[4 points] We define the monotone non-negative cone as

Km+ = {x ∈ Rn|x1 ≥ x2 ≥ . . . ≥ xn ≥ 0}.

Find the dual cone to Km+. Hint : Use the identity

n∑
i=1

xiyi = (x1 − x2)y1 + (x2 − x3)(y1 + y2) + (x3 − x4)(y1 + y2 + y3) + . . .

+ (xn−1 − xn)(y1 + . . . + yn−1) + xn(y1 + . . . + yn).

3. [3 points] Let p, q ∈ Rn represent two probability distributions on {1, . . . , n} (so,
p, q ≥ 0,

∑n
i=1 pi = 1,

∑n
i=1 qi = 1). The maximum probability distance dmp(p, q)

between p and q is defined as the maximum difference in probability assigned by p
and q, over all events:

dmp(p, q) = max{|prob(p, C)− prob(q, C)| : C ⊆ {1, . . . , n}}.

Here prob(p, C) is the probability of C under p. Find a simple expression for dmp,
involving ‖p− q‖1, and show that dmp is a convex function on Rn × Rn.

4.[5 points] Let C ∈ Rn be a closed, convex set and f : C 7→ R a function with con-
tinuous partial derivatives ∂f/∂xi, i = 1, . . . , n. The first order necessary condition
for a local minimizer x∗ of f on C is

〈∇f(x∗), x− x∗〉 ≥ 0 for all x ∈ C. (1)



(a) For the problem of min{f(x)|Ax = b} where f : Rn 7→ R, A is m × n matrix
and b ∈ Rm, find a simple expression for the necessary condition (1) for a local
minimizer.

(b) Apply the result of part (a) to the problem

max{xα1
1 . . . xαn

n : x1 + . . . + xn = 1, xi ≥ 0, i = 1, . . . , n}

to compute a closed-form expression for the optimal solution. Hint: Observe
that the problem above is equivalently posed as

min{−α1 log x1 + . . . + (−αn) log xn : x1 + . . . + xn = 1, xi > 0, i = 1, . . . , n},

and that positivity conditions can be dropped. Argue why this is the case and
proceed. log denotes natural logarithm.

5. [5 points] Derive a dual problem using Lagrange duality for

min
x

N∑
i=1

‖Aix + bi‖2 + (1/2)‖x− x0‖2
2

where the problem data are Ai ∈ Rmi×n, bi ∈ Rmi and x0 ∈ Rn. First introduce
new variables yi ∈ Rmi and create constraints yi = Aix + bi. Hint: You have to use
Cauchy-Schwarz inequality.

6. [6 points] Consider the following function

f(x1, x2) =


(x1 − x2)(log(x1)− log(x2)) if x1 > 0, x2 > 0
0 if x1 = x2 = 0
+∞ otherwise.

(a) Show that f is a convex function.

(b) Is f l.s.c. at (0, 0)?

(c) Find the subdifferential ∂f(0, 0) at the origin.

7. [4 points] Consider the convex minimization problem

min{‖x‖
2
2

2
: 〈ai, x〉 ≤ bi, i = 1, . . . ,m}

where ai ∈ Rn, bi ∈ R are given. Assume that the linear inequality system 〈ai, x〉 ≤
bi, i = 1, . . . ,m has a solution.



(a) Give a geometric interpretation of the problem, and show that f defined as

f(x) =

{ ‖x‖22
2

if Ax ≤ b
+∞ otherwise

is a proper, convex function.

(b) Consider the perturbation function

Φ(x) =

{ ‖x‖22
2

if Ax ≤ b + p
+∞ otherwise

Calculate the dual problem with respect to Φ.

(c) Give a description of the value function v(p).

(d) Under what (additional) conditions can be concluded that strong duality holds,
that is, inf(P ) = sup(D)?


