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According to Black-Scholes option pricing model, options are redundant securities having no
allocational role in the economy. This article develops a model where agents face
nonnegative wealth constraints in a multi-period securities market. The optimal consumption
for the representative agent leads to a multifactor conditional C-CAPM, where option returns
appear as factors. The empirical tests carried for the period 1990-2006 reveal that at-the-
money calls and out-of-money puts written on S&P 500 index are priced risk factors. The

findings have implications for asset pricing, and allocational role of options.

This article proposes to solve individuals’ consumption-investment problem
with nonnegative wealth constraints in a multi-period securities market framework,
and subsequently derive the optimal sharing rules for agents in an economy where
there is the possibility of trading time-event contingent claims. The derivation of
optimal sharing rules in equilibrium yields a multifactor conditional consumption
capital asset pricing model (C-CAPM), where the first factor is the change in log
aggregate consumption, and other factors being the excess returns of a bundle of

options written on the aggregate consumption. The empirical tests carried for the
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period 1990-2006 document that S&P 500 at-the-money call and out-of-money put
options appear as priced risk factors both in conditional and unconditional versions
of C-CAPM. To the best of our knowledge, this is the first study that documents the
significance of option returns in a C-CAPM framework.

There are three important lines of literature that sets the motivating ground
for this article. These are:

i) Empirical tests of single factor asset pricing models - why do CAPM and
C-CAPM fail to empirically explain asset prices although they have
sound theoretical backgrounds?

i) Market completeness and allocational role of options in the economy -
what are the possible frictions that lead to incomplete markets, and do
these frictions lead options to play an allocational role in the economy?

iii) Nonnegative wealth constraints - what are the pricing consequences of
nonnegative wealth constraints?

Today, there is a vast amount of literature documenting the failure of CAPM
and C-CAPM in explaining the cross-section of returns.* This is largely explained by
two lines of reasoning. Either, multiple factor models are needed as in Merton s I-
CAPM (1973), or existing models cannot capture the possible time variation in
securities returns. Furthermore, it is documented that conditional and multifactor
models fare better in explaining the cross-section of securities returns compared to

their unconditional and single factor counterparts.?

! See Basu (1977), Banz (1981), Reinganum (1981), and Rosenberg, Reid, and Lanstein (1984) for
empirical tests of CAPM, and Hansen and Singleton (1982, 1983), Mankiw and Shapiro (1986),
Breeden, Gibbons, and Litzenberger (1989), Campbell (1996), Cochrane (1996), Hodrick, Ng and
Sengmueller (1999) for tests of C-CAPM.

2 See Chen, Roll and Ross (1984), Fama and French (1992, 1993) for tests of multifactor asset pricing
models; Jagannathan and Wang (1996) for tests of conditional CAPM; and Lettau and Ludvigson
(2001b) for tests of conditional C-CAPM.
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Another line of research that has received extensive attention is on the
spanning role of options and market completeness. Although standard Black-Scholes
option pricing framework is still widely used in practice, research today has shifted
rather from assuming complete markets to the examination of the possible factors
that lead to incomplete markets. The literature has identified heterogeneous believes
of agents, asymmetric information, stochastic volatility and jumps, transaction costs,
and limitations on short sales or borrowing as possible factors. When these factors
are considered, options might become non-redundant, and play an allocational role in
the economy.

Research regarding heterogeneous beliefs argues that heterogeneous attitudes
towards risk can generate demand for options. Grosmann and Zhou (1996) show that
if one of the agents, such as a portfolio insurer, is infinitely averse to the risk when
his wealth drops below a given threshold, than the demand for options can be an
important determinant of the underlying asset price. Bates (2001) considers an
economy where crashes can occur and less crash-tolerant investors buy options from
more crash-tolerant ones. In his setting, options complete the market by serving as a
hedge against crash risk. Buraschi and Jiltsov (2003) consider a symmetric but
incomplete information setting; agents agree on the dividend process but differ in
their beliefs about the price process unrelated to fundamentals. They find that much
of the observed option trading volume can be explained by this heterogeneity in
beliefs.

A number of studies suggest that options might be non-redundant, because
the price of a traded option can convey some information, which otherwise would be

unobservable in the economy. For example, Grossman (1988) argues that an option



can be non-redundant due to its informational content, thus its removal from the
economy would make markets incomplete. Back (1993) shows that, in a market with
asymmetric information, the introduction of options might change the stochastic
pricing process of the underlying asset. Hence, options introduced to a complete
market may be non-redundant. Also Easley, O Hara, and Srinivas (1998) suggest that
an option market could be a platform for informed trading due to lower transaction
costs and greater financial leverage.

Furthermore, the presence of stochastic volatility and jumps can severely
affect asset price dynamics and thus options that are written on them. The main
approach to modeling stock returns is to define a continuous time stochastic volatility
diffusion process possibly augmented with an independent jump process in returns.
Today, most option pricing models incorporate these two factors in order to account
for a more realistic pricing process.®> Bakshi, Cao, and Chen (1997) compare
empirical performances of these alternative option pricing models and conclude that
models that include stochastic volatility and jump processes performs better.

Besides these theoretical models, recently, a number of empirical papers have
demonstrated that options are non-redundant. Buraschi and Jackwerth (2001) suggest
that option returns do significantly increase the spanning quality of the pricing kernel
and argue that the volatility risk might be priced in options market. Furthermore,
Coval and Shumway (2001) give preliminary evidence that at-the-money straddles

can account for the systematic volatility risk in the securities market. Bakshi and

% See Heston (1993) who proposed a stochastic volatility diffusion model, for which one could
analytically derive an option pricing formula. Duffie and Kan (1996), and Duffie, Pan, and Singleton
(2000) further developed Heston's model to a rich class of affine jump diffusion processes. Several
other authors have used stochastic volatility diffusion process augmented by jumps [Bates (1996)
Andersen, Benzoni and Lund (2001), Eraker, Johannes and Polson (2001), Pan (2002), Chernov,
Gallant, Ghysels and Tauchen (2003)].



Kapadia (2003) show that delta-hedged option portfolios consistently earn negative
returns, indicating that there exists a negative volatility risk premium in option
prices. Liu and Pan (2003) show that at-the-money straddles, and out-of-money puts
can be used to complete the markets when markets are incomplete due to volatility
and jump risks. Finally, Arsoy, Salih, and Akdeniz (2007) show that S&P 500
straddle returns play an important role in constructing the stochastic discount factor.

The standard asset pricing and option pricing theories assume that markets
are frictionless. However, the presence of transaction costs, portfolio constraints such
as constraints on short selling, or credit constraints such as nonnegative wealth
constraints can generate demand for options. For example, Lee and Yi (2001) find
that options with lower transaction costs attract more informed investors.
Furthermore, Ba ak and Croitoru (2000), show that a mispricing between a stock and
a redundant derivative arises due to portfolio constraints on short selling and
investors with heterogeneous beliefs.

There are other imperfections in the market that can cause agents fail to
replicate their consumption patterns via existing securities. One such imperfection is
the bounded-credit assumption put forward by Dybvig and Huang (1991). Classical
asset pricing theories assume no restrictions on borrowing and lending. However, in
real life borrowing is limited due to agents possibility to default. In their model
agents can borrow at most the amount equal to their wealth i.e. no guarantees on
future income is allowed, allowing agents to come back to the economy with the
ability to pay off their debts. This also rules out doubling strategies and arbitrage

possibilities posit by Harrison and Kreps (1979).



Recently, Vanden (2004) analyzes the effects of nonnegative wealth
constraints and finds that incorporation of such real-life frictions on wealth implies
non-redundancy of options in a single period setting. It is argued that options can
effectively complete markets via their leverage properties, i.e. by their limited
liabilities and theoretically unlimited payoffs and help agents avoid insolvency and
thus meet the nonnegative wealth constraint. This difference in the payoff pattern of
options help agents to match their consumption patterns better compared to the
limited spanning capacity of existing securities in the economy. In Vanden (2004),
single period and continuous time equilibrium properties of nonnegative wealth
constraints on agents’ consumption-investment problem have been derived, however
this problem has not yet been analyzed in a multi-period securities market context.

Setting the problem in a multi-period framework is more appealing, since the
real-life practice is to trade securities through dynamically managed portfolios. In
this setting, agents have the possibility to trade time-event contingent claims. The
contribution of this article will be to set up the problem in a multi-period framework
with the introduction of short-lived options, i.e. that can be traded in smaller intervals
of time (from a day to up to a year), and correspondingly develop an asset pricing
model. In equilibrium, the pricing agent s optimal consumption incorporates the
aggregate consumption, and a bundle of short-lived options written on the aggregate
consumption with different strike prices. This result is similar to Vanden s, yet the
asset pricing consequences are different. Since agents dynamically rebalance their
portfolios at each period, we obtain a multifactor conditional C-CAPM model that is
empirically testable. To the best of our knowledge, there have not been any

multifactor empirical tests of asset pricing that combines C-CAPM framework with



option returns. Thus, the article has implications for asset pricing, portfolio
management, and capital markets theories.

The rest of the article is organized as follows. Section 1 introduces the
problem, and derives the corresponding asset pricing model. Section 2 draws the
econometric framework for tests of the model. Section 3 presents the empirical

findings, and Section 4 offers concluding remarks.

1 THE MODEL

There are | agents in the economy indexed by i =12, ,I. Agents live in a
multiperiod pure exchange economy(t =01, ,T) with reconvening markets, and
agree on the possibilities of occurrences of events in the economy. Each event, a, , is
a collection of states, . denotes the collection of all possible states of nature, and
the true state of the nature is partially revealed to individuals over time.

There is a single perishable consumption good available for consumption at
each trading date. Individuals are endowed with nonnegative time-0 consumption,
and time-event contingent claims {e,(0).e,(a )a . F;t=1..T}, and have the
possibility to trade these claims after t = 0.*

Before proceeding with the model we have to note some simplifying
assumptions. We assume that i) all agents have the same information structure, F,, ii)

all agents agree on the possible states of nature, iii) all agents are endowed with an

initial wealth, iv) all agents have time-additive, and state independent von Neumann-

* A time-event contingent claim is a security that pays one unit of consumption at a trading date t 31
inanevent &, . F, and nothing otherwise. The notation and the setting follow the desktop reference
Huang and Litzenberger (1988).



Morgenstern utility functions with identical cautiousness, v) all agents face
nonnegative wealth constraints at all periods, and vi) markets are dynamically
incomplete. Under these assumptions, the model proceeds as follows.

Individual i has preferences for time-O consumption, and time-event

contingent claims that are increasing, strictly concave, and differentiable, i.e.

u, (z(0))+ p. Ui (z(a)). p, is the homogeneously agreed probability of

t=1 a_F
the occurrence of the event a, , F,, z(0) is the time-0 consumption good, and z(a, )

are the payoffs of the time-event contingent claims in the event a, . F, for t11,

respectively.

Each agent tries to maximize their expected utilities over their lifetime while

facing nonnegative wealth and budget constraints. Now, define f(O) as the price of
the time-0 consumption good, and 7, (at) as the ex-dividend price for the time-event
contingent claim paying off at time s in event a, conditional on the occurrence of
event a, attime t, where

7, if t< da™

— 1 S and a,

f S a'[
* 1)

0 otherwise

Also, for t<s, define pas(at) to be the conditional probability of event

a, given that at time t event a, occurs, so that

0 if a, . &
P (@)= Po o p - @
P, S



With the above assumptions, the problem can be formulated as follows:

Ly e (2 0)* - P, (a)u, (z(a.))
s 130+ f(a)a(a)=re0)+  f(a)e(a)

The solution to the above problem requires the solution of Lagrangian and its
associated Kuhn-Tucker conditions. Before proceeding with the solution, we show
that when t=1 , the optimal consumptions are equivalent to Vanden's optimal
sharing rules derived in the single period setting, and the marginal rates of

substitutions are equal across agents.

Proposition 1. The solution of the above problem in the single period setting implies
that the marginal rates of substitutions of agents are equal for all i=1, ..., ,I, and the

optimal consumption at t=0, and t=1 for individual i is given by

F, (0
¢, (0) = max O,ulﬁygl(giyoﬁ)) ,and ¢; (&) =max 0,uf; %

Proof. The Lagrangian for the single period version can be written as;

L(Zi (0).7, (al)) =u;,(z(0)) +{a1‘F1} Ps, (O)uiyl(zi (al))



+m02,(0)+ m 7, ()

The first order conditions (F.O.C.) for the above Lagrangian are evaluated at

C; (O) and c (ai) since the only sources of consumption are the payoffs of time-

event contingent claims, z, (O) and z (al)

ci(0): U, (c(0))-4,%=0 ©)
ci(a): P, (0)uhi (¢ (a)) ;07 (0)=0 @)
K-T: 7, (0)=0 (5)

m,Ci(2,) =0 (6)

From Kuhn-Tucker (K-T) conditions (5) and (6), when the nonnegative

constraints do not bind, i.e. ¢,(0)>0, and ¢ (a)>0, we have m, =7, =0. If the

nonnegative constraints bind, then wealth at each period and correspondingly
consumption at each period is zero. Thus, the above problem has a solution at either

zero consumption (when nonnegative constraints bind), or some positive levels of

¢,(0), and c(a,) that is evaluated at 7, = m, =0

i,a

0 f. (0
palu )ucl(c (al)): . ) In other words, the marginal rate of
0

.(0) f

substitutions of agents in the economy are equal, and independent of the index i.

Thus,

Also, the optimal time-0, and time-1 event a, consumptions are given by
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L F (0
¢, (0) =max O,uf;'(4,%) . and c;(a,)=max O,ufy Lz(g)) . This completes

the proof. =
The solution of the original problem follows the same principles. Note that it
suffices to solve the problem at any time t, and at any event a, . The problem is

T

Zi(’!lf\s/)lgé u,, (z(a))+ - p. (a)u.(z(a))
a; aas F e

st z,(a)+ f,(a)z(a)=c(a)+ f, (a)c(a)

S
s=t+lfa F s=t+1[a,, F
aa Y

The first order conditions (F.O.C.) for the above Lagrangian evaluated at

c,(a,) and c,(a,)are;

ci(a): ut,(ci(a))-gi, =0 (7)
Ci(aS): paS (a‘t)u|¢5 (Ci(as))_gi,q’:ls(a‘t):o (8)
K-T: m,c(a)=0 )
mi,asci (as ) = 0 (10)

pa (aT)ul S (Ci (as))
Thus, —= ' =f 11
ST e) () o

11



f
Letting g, :gipi, and using the definitions of p, (a) and £, (a), the

C

optimal time-t consumption can be written as

c,(a)= max[O,upygl(qival )| = max o,uf g;)A (12)
a

From Equation (12), we can see that the optimal consumption for the ith
individual depends on the prices of time-event contingent claim, and the associated
probabilities of events in the economy at time t, and the Lagrange multiplier of the
budget constraint. To derive the corresponding optimal sharing rules, we follow a
methodology similar to VVanden.

The aggregate consumption in the economy at time t, and event a, can be
written as;

C(a)= | c(a)= ' max o, ut;* 9t (13)

i=1 i=1 a

Now, define a real-valued function D(x), such that;

D(x) = .I max[O,ugygl(gix)] (14)
then D LA (a),and i:D‘l(C(at)) (15)
P, P,

and the ith agent’s optimal sharing rule becomes;

12



¢ (a,) = max|o,ut* (9,0 (c(a,)))] (16)

In the above expression, D™ is the inverse mapping of the function D on the
interval where D is strictly increasing. The closed form solution of D‘l(C(at )) for an

economy with agents possessing quadratic utility with identical cautiousness is given

below.
. . _ 1 _ 1
Proposition 2. For the given constants A =D — , A, =D — , :
2t g3,t
A_,=D 1 , and the relationg,; >g,; > >g,;, the closed form solution for

gl,t

D(C(a,)) is given as

1-bC(a,) 0<Clt)EA

2-0Ca)  p<cl)en

| -bC(a,)

7 A <Clt)

k
where g, = g;, -
j=L

and the optimal sharing rule for the representative agent is given by

13



_ -1 9119 j1y

j=1 gj,tgj+1,t

max[0,C(a,)- A |

]

c.(a)=Cla)

Ur

Lt

whereAj=1 j- , 1=12, ,1-1.
b

Proof. See the Appendix for the proof.

In general, we observe the following. A switch to a higher consumption
interval (i.e. an increase in aggregate consumption from the i - 1st bracket to the ith

bracket) results in one more agent joining the economy. This last agent s optimal

consumption is given byc, (a,) = @(C(at)— A,). Furthermore, the remaining agents’
it

optimal sharing rules are adjusted in such a way to compensate the inclusion of this
last agent to the economy. That is, they will consume in a similar pattern when this
agent was not present (i.e. as in the i-1st bracket) minus they will make an

adjustment to compensate for the joining agents consumption, c, (at), that is
proportional to their shadow prices, g;,’s, where j=1, i-1.

Proposition 2 implies that the representative agent holds the aggregate

consumption and | -1 call options written on the aggregate consumption with strike

g

g j+Lt

prices,Aj=% j- , 1=12, ,1-1.

The fact that the representative agent holds the optimal portfolio as in
Proposition (2) in markets reconvening at each period has important pricing
consequences. The setting of a multiperiod securities market with rational

expectations equilibrium results in a C-CAPM, whereas the nonnegative wealth

14



constraints in our multiperiod setting results in a multibeta C-CAPM. The first beta is
the covariance of the return of a risky asset with an asset that is highly correlated
with the aggregate consumption, and the remaining | -1 betas are the covariances of
the return of the asset with the returns of options with strike prices given in (40). This

can be formalized with the following proposition.

Proposition 3. The optimal portfolio in held by the representative agent indexed with
i =1, and having a quadratic utility, results in a multifactor conditional C-CAPM,

where the first factor is the change in log aggregate consumption and the remaining

I -1 factors are option returns with strike prices given by VA :% j- Iie V] =

gj+1,t

1,2, ..., I-1. The multifactor conditional C-CAPM is represented by

El_ﬁ(txl:t—lj_ Rf (t)l = ch1 bc—l(l:1 {El_ﬁc1 (tx Ft—lJ_ Rf (t)l}
where b, is the NxI variance-covariance matrix of the risky assets with the

representative agent’s optimal portfolio, and bc‘lil is the Ixl variance matrix of the

representative agent’s optimal portfolio.

Proof. Let the sequence {Ft,t =01 ,T} be an information structure, such that the
possible realizations of F, from time O to time t generate a state space W. Assume

that the representative agent is endowed with this information structure and has a

quadratic utility given by ult(cl(t)):cl(t)—gcf(t). The utility function of the

15



representative agent is strictly concave and differentiable. Also assume that F, is

just {w}.
The price of a long-lived security in this economy is given by
T

S (at ’t) = f;s (at )X i (as) 17)

s=t+1 aS(”FS
s &

- - - - - 5 -
where Xj(as) is the dividend paid by security j in event a,.” By using

Equation (11), we can rewrite the price of a long-lived security as

T P, (at)ufs (cl(as)) .
e U (a(a)) X;(a) (18)

S;(at) =

By using the definition of S; (at_l,t —1) from Equation (17), one can write

., (as)ub (e (a))
{a@ﬁ} uftl(l a11)

3 8

S;(at-1)= X;(a)+s;(a.t) (19)

Also by using the definitions of expected value, the random ex-dividend price

of along-lived security is given as

s,(t-1)=E Tt MXI. (s)|Fis (20)
S,(t-1)=E % X, (t)+S;(t) |Fe, (21)
A CYO)

1=E (6 (1) 1+R;(t) |F, (22)

is the expected return process for a long-lived security j.

5 A long-lived security is a complex security that is available for trading at all periods, and is
composed of time-0 consumption good and a bundle of time-event contingent claims, and is

represented by X = {XO, Xoa o Rt=1 ;T}, where X, and X, are the dividends paid at

time 0 and at timet inevent a,, respectively, in units of consumption good.

16



From the definition of the covariance, equation (22) can be rewritten as;

%’ %'F“l E[1+§j(tht—1] (23)

From Equation (22), the existence of a risk-free asset implies that

L el

1=Cov 1+R,(t)F,, +E

EERORT A= @
Substituting (24) into (23), we have;

E[ﬁj (t)|Ft-1]' R, (t)= ‘(1"' R )COV R, guft(( (( ) 1) Fiy (25)

e[R, 0)F.]- R, ()= -6+ R, O)cov &, 0) bfj;(f)l) e @9)

El.ﬁi (tht—lJ_ Rf : (1+ R kOVl_R ) cl( th—lJ (27)

Since this equation holds for any traded asset, or a portfolio of traded assets,

it should also hold for the representative agents  portfolio,
R, (t) = (R (), Ro, (t).  Ro, (t)) . where Rg(t) is the change in aggregate
consumption, and ﬁoj (t) is the return of the j™ option at time t. Thus,

E[R. (t F”J R, (t)=-{L+ Rf(t))Cov[ﬁg(t),ﬁcl(t)(Ft_lj (28)

Substituting (28) into (27) gives

Cov(ﬁ J R,
" Cov (ﬁc (t), F~2

R, ). |- R ([R Fal-R0) @9

17



=1
«Q
@D
>
@D
=
2
—h
o
-
QD
<
@D
(]
—+
o
=
o
p=
=
=
[%2]
=~
<
QD
[92]
w
@D
—+
w
ZY)
—_
N—
—_
A1
<
G
N
A1
N
G
N
A1
pd
G
Nt
=

E[Is(t)(Ft_l]— R, (te = COV( (t) i t)(F”)( R.0)F.]-R @) o)

where Cov(ﬁ(t), ﬁcl(t){Ft_l)Cov(ﬁcl(t), Iicl(t)(Ft_l)_l is an NxI  matrix of

conditional betas for N risky assets with the return s of the representative agent s

portfolio, and Iicl (t): (IfiC (t) Ifio2 (t) Ro,., (t))T is the Ix1 vector of returns for the

representative agent s portfolio.

Equation (30) can be written in a multibeta representation as,

El_ﬁ(tXFt_IJ—Rf(t)l bye b CC{El_R FoJ-R, (0 (31)
where

Covy (R (t).Re(t))  Covy (R(1).Ro (1) Covs (Ry(1). R, (1))
- Cov,, (R, (1), R (t))  Coviy (R,(t).Ry (1)) Cov,., (R, (1), Ry, (1))

Cov,., (Ry (t).Re (1)) Coviy (Ry (1).Ro, (1) Coviy (Ry (). R, (1))
and

Var_ (R:(t))  Covy(R(t).Ry (t)  Coviy(Re(t).Rs, (1))

= Co% (R (t)Ro(1)  Var, (R, (1)) Covi1(Ro, (t): R, (1))

GG

Covy (Ro, Re (1)) Coviy (Ro Ry, (1) Var,_, (R, (1))

18



This completes the proof. W

Equation (31) is the main testable result of the outlined theory. It suggests
that a multifactor conditional C-CAPM model with option returns as the factors,
should explain the cross-sectional variation in securities returns. The following
sections outline the econometric framework for the tests of (31), and present the

empirical findings associated with these tests.
2 ECONOMETRIC SPECIFICATIONS

According to Equation (31) an asset s return at time t, conditional on the
information at t-1, should be explained by the changes in the aggregate
consumption and returns of options written on the aggregate consumption. To test
this, we first specify the general versions of conditional (and unconditional) C-
CAPM models used for testing the theory, and then present the data used to test them

in this section. The following section presents the empirical results of these tests.
2.1 Conditional model

We start by the stochastic discount factor framework outlined by Harrison
and Kreps (1979). Their existence theorem states that, in the absence of arbitrage,

there exists a stochastic discount factor, m,,,, which satisfies

E |0+ R, o m|F =1 (32)

19



where E; denotes the mathematical expectation operator conditional on the
information available at time t, and ﬁjm is the net return of any traded asset j. The

conditional form of the SDF is be represented by

mt+l = at + bt Re,t+l (33)
where R, is the net return on an unobservable mean-variance efficient
frontier.

The above conditional form implies a conditional beta representation given

by

Et I,ﬁj,HlJ =Ro,t _bt RO,tvart (ﬁe,ﬁl )bj,t (34)

where R, is the net return on a zero-beta portfolio that is uncorrelated withm,,, ,

EIR ...|-R
bt - _ t|_ E—t+lJ~ o,t (35)
R, Var \R

e,t+l
and

o Cov, (ﬁ e ﬁem)
g Var‘ (ﬁe,wl)

(36)

The question here is how one can incorporate the information that investors
use when they determine expected returns in Equation (32). Because the investors’

true information set is unobservable, one has to find observable variables to proxy

20



for that information set. Cochrane (1996) shows that conditional asset pricing models

can be tested via a conditioning time t information variable, z,. One way of
incorporating conditioning variable, z,, into the model is to scale factor returns, as

discussed in Cochrane (2001); and used in Cochrane (1996), Hodrick and Zhang
(2001), and Lettau and Ludvigson (2001b). This is done by scaling the factors with

z,, thus modeling the parameters a; and b; as linear functions of z,, such that
a, =¢,+9,z,and b, =4, +hyz,.
Plugging these equations into Equation (33), we have a scaled multifactor

model with constant coefficients taking the form

mt+1 = (go +glzt)+ (hO +hlzt )ﬁe,nl

= go +glzt +ho §e,t+1 +hlzt§e,t+1 (37)

The scaled multifactor model can be tested by rewriting the conditional factor
model in Equation (32), as an unconditional factor model with constant

coefficientsg,,9,,h,, and A, as follows,

El.(1+ Rj,Hl)(gO +glzt +ho Ii‘e,t+l +hlzt Ii‘e,Hl)J =1 (38)

In order to be able to test the theory s main predictions, we have to put

more structure on the SDF, m,,,, and on the unobservable mean-variance efficient

frontier, I-:iem. Following Cochrane (1996), we consider a linear factor pricing model
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with a vector of observable factors, f,. For example, in the classical conditional
CAPM tests, f, is the return of the value-weighted market portfolio. The only
requirement for the components of f, is that the factors should be observable and
relevant to the model.

T -
Denote the vectorF,,, :(1, z,, ., ftilzt) , or in a more compact form

Fia :(1, ftII)T, where f,,, :(zt, fns fmzt). The stochastic discount factor in

equation (37) can be represented by

” (39)

where @ = (g,,b" ) is a constant vector, and b = (g,,] /2] ) is the vector of constant

coefficients on the variable factors, f,,. Equation (39) implies an unconditional

multifactor beta representation for asset j,
EI_R,-MJ: EI.Ro,t.|+ b1 (40)
where b = = 7 is a vector of regression coefficients from a multiple

regression of returns on the variable factors.
2.2  Conditioning Variable

The choice of the conditioning variable is important because it summarizes
the information that investors use while forming their expectations about securities
returns. Due to its role in constructing the SDF one has to find a relevant and
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