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Abstract

We develop and test multistage portfolio selection models maximizing expected end-of-horizon
wealth while minimizing one-sided deviation from a target w ealth level. The trade-o between
two objectives is controlled by means of a non-negative parameter as in Markowitz Mean-Variance
portfolio theory. We use a piecewise-linear penalty functi on, leading to linear programming mod-
els and ensuring optimality of subsequent stage decisions.We adopt a simulated market model to
randomly generate scenarios approximating the market stochasticity. We report results of rolling
horizon simulation with two variants of the proposed models depending on the inclusion of trans-
action costs, and under di erent simulated stock market con ditions. We compare our results with
the usual stochastic programming models maximizing expected end-of-horizon portfolio value.
The results indicate that the robust investment policies ar e indeed quite stable in the face of
market risk while ensuring expected wealth levels quite similar to the competing expected value
maximizing stochastic programming model at the expense of solving larger linear programs.

Key words : Finance, risk, multi-period portfolio selection, stocha stic programming, discrete
scenario tree, downside risk.

1 Introduction

Multi-period investment problems taking into account the stochastic nature of the nancial markets,

are usually solved in practice by scenario approximations bstochastic programming models. These
scenario-based stochastic programming models may ignorene risks associated with the portfolio
positions resulting from their implementation. The purpose of this paper is to develop and test
robust to market risk, multi-period (two- or three-period) portfolio selection models using scenario
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approximation of the market parameters. The models advocagd in this paper are based on a trade-
o0 objective function aiming to maximize expected end-of-horizon portfolio value while minimizing
a downside risk measure, in the spirit of Markowitz portfolio theory [7]. The main contribution
consists in establishing experimentally that the proposedmnodels are indeed robust to market risk in
the sense of reducing signi cantly the variance of the end-bhorizon wealth and the probability of
a loss. Furthermore, the two-stage models have the propertyf retaining optimality of the second-
stage (recourse) decisions. The optimization tool used inhe paper is simply linear programming
with o -the-shelf optimization software although admitte dly the dimensions of the associated robust
linear programs increase by a factor proportional to the nuniber of scenarios in comparison to the
risk-neutral stochastic linear programs. To the best of theauthor's knowledge the aforementioned
ideas had not been tested yet in a multi-period portfolio sekction context. The present paper aims
to Il this void.

2 The Stochastic Multi-Period Investment Problem

For ease of exposition we begin with the two-period problem \wich goes as follows. Let us assume
that we have m + 1 assets of which the rst m are risky stocks, whereas the iy + 1)th is the riskless
asset that we can assume to be cash. We will denote the portfiol decision vector at the beginning of
period 1 asx® with components x°[i] corresponding to the monetary value of asset in the portfolio.
A similar de nition applies for the portfolio decision vect or x! at the beginning of period 2. Let us
denote byr?! and r? the random vectors of net asset returns that are revealed tolte investor only after
period 1 and period 2 are elapsed. In other words, the investodoes not know the realization ofr?! at
the beginning of period 1, and commits to a portfolio vectorx® (possibly paying some transaction fees)
using a total budget of 1 unit of currency. He/she waits during period 1 to observe the realization
of r! and with his/her total current wealth ( r1)Tx° obtained as a result of the market movement
during period 1, commits to a new portfolio position x* (again possibly paying some transaction fees).
He/she holds this portfolio during period 2 at the end of which he/she realizes a gain or loss over
his/her initial endowment at the beginning of period 1. We do not allow short positions.

Throughout this paper we follow the general probabilistic stting of [5] in that we approximate the
behavior of the stock market by assuming thatr! and r? are discrete random variables supported on a
nite probability space ( ;F;P) whose atoms are sequences of real-valued vectors (asseturaes) over
the discrete time periodst = 0;1;2. We further assume the market evolves as a discrete scenariree
in which the partition of probability atoms ! 2 generated by matching path histories up to time
t corresponds one-to-one with nodes 2 N at level t in the tree. The root node n = 0 corresponds
to the trivial partition N = consisting of the entire probability space, and the leaf n odesn 2 N,
correspond one-to-one with the probability atoms! 2 . In the scenario tree, every node n 2 N for
t = 1;2 has a unique parent denoted (n) 2 N; 1, and every noden 2 N, t =0;1 has a non-empty
set of child nodesS(n) N {41 . Ehe probability distribution P is obtained by attaching weights p,
to each leaf noden 2 N, so that |,y , pn =1.



In our models, the random vectorsr! and r? are measurable with respect toN; and N, respec-
tively. For a discussion of a time-indexed collection of ralom variables measurable with respect to
an information set, the reader is referred to Chapter 3 of [9] Let r! denote realizations of random
vectorsr? corresponding to noden at level 1 of the scenario tree. Likewise, ler2 denote realizations
of random vectorsr? corresponding to noden at level 2 of the scenario tree. Then the root node
of the scenario tree corresponds to the beginning of period, Jand thus to the selection ofx® while,
with each node of level 1 is associated portfolio positiong! for all n 2 N ;. Then the straightforward
stochastic programming formulation of the two-stage portfolio selection model without transaction
costs based on maximizing expected end-of-horizon portfd value reads as follows:

X
m%D(f pn Qn (Xo)jeT x0=1;x° Og (1)
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where
Qn(x°%) = mflle(fﬁ)Txl(n)ieTxl(n) =(rm)"x%xt ) 0g: )

Due to the separability of the recourse problemsQ, (x°), n 2 N ,, the above optimization problem (1)
is equivalent to

max f Pr(r3)Tx  ie™x®=1;e"x; =(r))™x%8n 2N1;x°  O;xy 0;8n2Nig: (3)
x0;fxt:n2N 29 2N

3 The Robust Models

The above formulation (3) assumed that the decision maker igisk-neutral, i.e., bases the portfolio
decisions solely on expected end-of-horizon portfolio vak. Mulvey, Vanderbei and Zenios [8] proposed
to incorporate robustness into two-stage stochastic progams by adding a risk term into the objective
function controlled by a scalar parameter. They advocated he use of variance as the risk term
a la Markowitz mean-variance portfolio theory [7] and referred to the resulting models as \robust
optimization". Later, Malcolm and Zenios [6] developed an gplication of this methodology to power
capacity expansion planning. The Mulvey-Vanderbei-Zenis approach applied to (1) would lead to
the following \robust model” in our context:

maxf * PnQn(Xx%)  f ((rD)Tx gy (rR) Txt ny))ie™x?=1;x°  0g (4)

n2N 2

where Q,(x°) is de ned in (2), is a non-negative scalar,N represents the total number of nodes
in the scenario tree, andf : RN 7! R is a variability measure, usually the variance on the second
period wealth. The value of serves as a knob to control the trade-o between a higher expeted
end-of-horizon wealth and an investment policy with smalle variability in nal wealth. Instead of the
above model where separability is no longer assured, MulveyWanderbei and Zenios [8] proposed their
separable robust model which in our context would correspod to

X
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with
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In a more recent paper, Takriti and Ahmed [10] showed that for an arbitrary variability measure
f, the model (5) may give an optimal solution where the secongseriod portfolio decisions are not
optimal for the recourse problem (2). In other words, we can o longer claim that models (4) and
(5) are equivalent. A consequence of this fact is that the modl (5) may have underestimated the
risk associated with the investment policy it advocates. Intheir quest to nd su cient conditions
to guarantee second-stage optimality, Takriti and Ahmed [10] de ned a non-decreasing functionf as
follows. Given two vectorsz! and z? in R", the notation z* <z? meansz! z?forl=1;:::;L, and
zt < z? for somel. A function f : Rt 7! R is called non-decreasing iz! < z2 implies f (z!)  f (z?).
Takriti and Ahmed then show that if f is a non-decreasing function, and 0, then (4) and (5) are
equivalent. Therefore, the use of a non-decreasing variality measure resolves the issue of second-
period optimality. Takriti and Ahmed use in [10] a piecewise-quadratic measure of variability de ned
as follows:

X 2
f(t)= (R th)is
n2N »

where R is a target value (in our context, a target wealth level), (z). denotes max(Qz) for a real

corresponding probabilities. To keep our computational e ort at a minimum by solving only linear
programming problems we adopt a piecewise-linear variabitly measure given by

X
f(t)= n(R o th)+; (6)
n2N »,
which also ful lls the condition of being non-decreasing. hdeed, Ahmed in a later article [1] also
elaborates on the piecewise-linear variability measure. Merefore, our basic model of two-period
portfolio selection in the present paper is the following:
X 2\T 1 X 2\T 1 iy 0.1
0. Max f Pn(ry)" X (ny Pr(R (r7) X7 (n))+ (X7 Xn8n2n 1) 2 X9 (7)
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where X is as de ned above. Now, using Proposition 3 of [10] we can sta the following result that
summarizes the discussion thus far.

Proposition 1  Let 0. Then, model (4) with f as de ned in (6) and model (7) are equivalent.

The natural extension of the above framework to three-peria portfolio selection problem is as
follows. Let r3 denote realizations of random vectorsr® corresponding to noden at level 3 of the
scenario tree. Then the root node of the scenario tree corresnds to the beginning of period 1, and
thus to the selection of x° while, with each node of level 1 is associated portfolio poson x} for all
n 2 N4, and to each noden of level 2 corresponds portfolio positionx2 for all n 2 N ,. Let the total
number of variables in the problem beN = (m+1)Ny+(m+1)N;+ m+1, where N; is the number



of nodes in the scenario tree at level one andll, is the number of nodes at level two. De ne the set
of equations governing the self- nancing transaction dynamics as

Z = F(<% XN gnon 1 Xhanan ;) - € X0 = 15€Tx) = (r)) X% n 2Ny €T )G = (12) "Xt (,)in 2 N og:
Then, our robust model of three-period portfolio selectionin the present paper is the following:

X X
. max f Pn (rﬁ)TXZ(n) P (R (rg)TXZ(n))ﬂ(XOiX%;snzN 1Xﬁ;8n2N ,) 22\ R g:
n; 82N 1’Xn;8n2N 2 n2N 3 n2N 3
(8)

Clearly, setting = 0 we recover the three-period version of the risk-neutral $ochastic programming
problem (3):

x0:x

X
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An approach related to the ideas of the present paper was del@ped in [4]. We discuss this
contribution briey here. Motivated by the common sense reasoning that higher returns should be
preferred to lower returns, King [4] develops asymmetric rsk measures starting from a second-order
expansion to the utility function of an investor where he uses a linear quadratic penalty term instead
of a purely quadratic term in the second-order part of the Taylor expansion. Then, using this linear-
guadratic approximation to the utility function he propose s a tracking model which minimizes the
deviation of the return of a portfolio from a target return (t racking error), the deviation being measured
by the linear-quadratic approximate utility function. Thi s approximation allows to retain the local
gquadratic feature of the Taylor expansion, but treats deviations larger than a user-de ned tolerance
by a linear term. However, a good choice for the user-de ned dlerance is related to the rst and
second derivatives of the utility function. Hence, it is important to know the utility function of the
investor. The tracking model in [4] which aims to minimize the tracking error under a budget constraint
for assembling the portfolio, is proposed for a single-peod portfolio selection problem under a nite
probability space setting as in the present paper. Our modeldeveloped in the paragraphs above, does
not use a linear-quadratic approximation to utility functi ons and, hence does not assume knowledge
of a utility function of the investor. Moreover, it is a multi -stage stochastic linear programming
model with recourse that treats multi-period decisions, ard as such addresses a potentially harder
problem. The use of a piecewise-linear penalty function as aisk measure enables us to exploit the
computationally faster linear programming technology.

4  The Robust Model with Linear Transaction Costs

In this section we present a slightly di erent version of the robust model (7) allowing transaction costs
for buying and selling assets, proportional to the amount std and bought. We chose to develop this
subject as an extension not to detract from the simplicity of the basic two-period investment models
in the previous section.



We proceed as in [2] (where the authors are in turn inspired bythe model of [3]) and denote by
y} the (m + 1)-vector of amount of assets bought at level 1 and noden 2 N 1, and by z} the (m + 1)-
vector of amount of assets sold at level 1 and node 2 N;. We use il to denote the transaction
cost associated with buying one dollar worth of asset in period 1, and by ! the transaction cost
associated with selling one dollar worth of asset in period 1. Since we do not allow short positions
we do not need to de ne selling variables for the initial portfolio position. We denote by x}[i] the ith
component of vectorx?, and by x°[i] the ith component of vector x°, and similarly for y! and z}.

we have
xali1= ralixOll+ yalil - z3lil; (10)
whereas for the riskless asset (cash) we have for aill2 N ;:

xXn X
Xn[m+1]= rp[m +1]x°[m +1] @+ Dyalil+ @ Hzall: (11)
i=1 i=1

The initial budget equation is also modi ed as follows:

@+ 9Hxli1=1 x°m+1]: (12)
i=1
Now, de ne the feasible setT = f(x% x};yl;z};8n 2 N;) 0:(10);(11); (12) holdg. The expected
end-of-horizon portfolio value maximizing stochastic linear programming model is as follows:
X
max f r2)Txt ix%:xtiyrizh:8n2N4) 2 Tg: 13
XO:fx1ylzln2N 1g o pn( n) (n)J( ni YnsZn l) g ( )
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Similarly to the previous section, we can state the robust two-period portfolio selection model with
linear transaction costs:
X X
max f P (ra)"x* () Pn(R (r3) Xt ())+i(X% X35 ¥n:20:8n 2N 1) 2 T g
x0;fxiyl:zl:n2N 19
n2N n2N 2
(14)
We skip the three-period versions of the models with transation costs as the basic three-period model

are already quite demanding computationally, and the two-period models with transaction costs are
su cient to make our point in the section on numerical result s.

5 The Experimental Financial Market Setup

We adopt the following stochastic model based on a simple faor model for the asset returns from
[2]:
Inr'li]= [(e+ v)yl=1;2i=1;::5;m; (15)
and
Inr'm+1]= ;1 =1;2 (16)



where fv!;v?g are independentk-dimensional Gaussian random vectors with zero mean and uhi
covariance matrix (equal to identity matrix), e = (1;:::;1)T 2 R¥, and ; 2 RX are xed vectors
(not to be confused with the and ! of the Introduction). The random vectors r! and r? are i.i.d,
while the coordinates of every vector are interdependent. Tie returns of the riskless asset are simply
deterministic and do not depend on the period. For simplicity, we also assumed the transaction costs
to be deterministic, and independent of asset type and time priod throughout the experiments, i.e.,

wetake '= = 0= where issome positive constant. We de ne! j = e, as the sum of the
elements of ,foralli=1;:::;m
In our simulations, we choose the parameters, j, i =1;:::;m, , so as to satisfy the following

requirements as in [2]:

Since the (m + 1)th asset is the riskless (cash) asset, it is natural that the other assets should
have an expected return higher than the riskless asset. Deme the expected value of a random
variable by \mean" and its standard deviation by \std". From the model (15){(16) we have

mean('[i]) =expf!; + [ ; 2=2g;
and q

std(r'[i]) = mean(r'[i]) expf [ ; 2=2g 1

Observing that and are of the same order of magnitude, both being signi cantly kss than
one since the annual rate of growth of a national economy is aefv percent, we see that ifl ; is
signi cantly less than 1, then mean(r'[i]) < expf g. Therefore, we should choose ; so as to
make! ; greater than or equal to 1.

The higher the expected return of the riskless asset, the higer its risk should be. In the
model of [2], this is indeed (almost) the case since we have gl the ratio std( r'[i])=mean('[i]) =
expf 2 T g 1, sothatthe risk (which is the left-hand ratio) grows with [ ; while one would

ideally like it to grow with ! ;. Nonetheless, the aforementioned growth property is su cient for
our purposes.

One has to make sure that the most attractive assets in terms bexpected return should carry
a signi cant probability of a return inferior to the riskles s asset return. In other words, we
want the probability of the event In r'[i] < , | = 1;2, to be signi cant. Without repeating
the discussion of [2], these requirements are ful lled in [Rby choosing three free parameters as

follows:
> 0; 2[0:50:15] and! max 2 [1:5;2];

and then setting

ki =minfk:b™—k+ L +1cg
m m
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om i )
'i— m +E!max,

entries are picked at random in the set of integerd 1;2;:::;kg. Then, the k;-dimensional vector

w; containing of non-zero entries of ; is assigned randomly in the simplexfw 2 R¥ w; =

i
I ;0. With these choices, the probability of the event Inr'[i]< , | =1;2, is indeed signi cant;

see [2] for detalils.

Ben-Tal, Margalit and Nemirovski [2] also characterize the market by the risk indices of the assets
de ned as Prob(r'[i] < 1), and choosing the maximum among these probabilities to rpresent the
market risk.

Having set the aforementioned parameters as described abeywe generate a scenario tree to be
used in the numerical experiments in accordance with the regirements of the models of the present
paper. The scenario generation procedure is quite straigfibrward, and works as follows. We x
a positive integer S for the number of scenarios to be generated per period. l.ewe generateS

the period | corresponding to asset is obtained as

riil=expft; + [ /gi=1;::5m (17)

and
riim+1]=expf g (18)
where j' is a Gaussiank-dimensional vector with zero mean and covariance matrix egal to the
identity matrix. This process is carried out for | = 1 generating j', for1 =1;:::;S, and setting the

to S? paths from the root to each leaf node, each having equal probality of occurrence 1=S2.
Therefore, we approximate the return process given by the faetor model (15){(16) by the discrete
probability distribution generated according to (17){(18). With this setup, the model (7) without

linear transaction costs has § + 1)(m + 1) + S? non-negative variables andS? + S + 1 constraints
when posed as a linear program after dealing with the piecewse-linear objective function in the usual
way. The model (14) under the above setup has (8 + 1)(m + 1) + S? non-negative variables and
S? + S(m + 1) + 1 constraints when posed as a linear program. In contras, the model (3) has
(S + 1)(m + 1) non-negative variables with S + 1 constraints while model (13) has (3 +1)(m + 1)

non-negative variables andS(m + 1) + 1 constraints. Obviously, in the three-period models we obtain
S® scenario paths from the root to each leaf node with equal proability (1 =S%). Consequently, the
number of constraints and variables of the linear program caresponding to the three-period robust



problem (8) is given by S®+ S?+ S+1 and (m + 1)(S?+ S+1)+ S8, respectively. Removing the
term S3 one arrives at the number of non-negative variables and coraints of the model (9).

6 Numerical Results

In this section we compare the performance of the robust twgeriod and three-period investment
policies with the performance of the expected end-of-horian wealth based stochastic programming
policy under di erent simulated market conditions. To keep the resulting linear programs at a rea-
sonable size (in the order of a few thousand variables and catraints) since we will solve a large of
number of these, we limit our experimentation to m = 21 assets, the last one being the riskless asset,
and to S = 60 yielding 3600 2-stage scenario paths in the two-period ase. We also tried largerS,
e.g.,S =80 and S = 100. Since the results essentially remained identical, wekept S = 60 in the
interest of shorter run times. For the three period case, weiimit ourselves 10 + 1 assets with at most
S = 30, yielding 27000 scenario paths.
Rolling Horizon Testing. We test all investment policies under the rolling horizon smulation mode
of [2], which works as follows. In the two-period case we rstbuild and solve the two-period model
| be it the model (3), (7), (13) or (14) | and record the  x° component of the optimal solution.
Building the initial model entails setting the parameters ! nax, , and , generating the return vector
realizations according to (17) and (18), as well as choosing, R, and depending on whether
we solve the expected value maximizing stochastic linear mgram or the robust stochastic linear
program. Then, with the portfolio x° xed for the moment, the asset returns are simulated accordng
to (17){(18), and the value of x° updated using the simulated return vector. This portfolio value is
used afterwards as the initial endowment for the solution ofa 1-period portfolio problem | of the
same kind as the previous two-period one among again (3), (7X13) or (14) | that is set up and
solved. The optimal solution of this problem is adopted as tte nal (end-of-horizon) portfolio that we
use for \stress testing" against a suitable numberK of randomly generated (according to (17){(18))
return scenarios. For the three-period case, the rolling hozon simulation mode is identical with the
exception that we start by solving the full three-period problem, and go on by solving a two-period
problem, and nally a single period problem, at which time we subject the nal portfolio to stress
testing as in the two-period case.

There are two major questions we wish to answer with these tds:

1. Does the robust model indeed deserve the title \robust"? Il.e, does it reduce signi cantly the
variability of portfolio value at the end of the planning hor izon in both two and three-period
models? Does it reduce the risk of losses in the portfolio sigcantly even in adverse market
conditions?

2. Does the robust model preserve the ability to still realize asigni cant appreciation of the portfolio
value while reducing risks?

To answer these questions, in the paragraphs below we repothe results of 50 major simulations



for each line in the tables as in [2] (with the exception of Tabe 4; see explanation below), where a
major simulation is a single rolling horizon test of an invesment policy with K =100 end-of-horizon
random tests. Therefore, each line in the Tables 1,2, and 3 bbew corresponds to statistics obtained
from the sample of 5000 random realizations of the end-of-hi@on portfolio value associated with that
particular investment policy. We refer to the execution of the 50 major simulations as a \run". We
report the following statistics for a run:

the minimum portfolio value observed, denotedvp,y ,
the maximum portfolio value observed, denotedvmax ,
the average portfolio value, denotedvayg ,

the sample standard deviation of portfolio value, gy ,

the empirical probability (frequency) of loss (a loss is dened as the value of the portfolio being
less than 1) computed as the ratio of observed losses in the s@le to the sample size, denoted
P,

the empirical probability (frequency) of a signi cant loss (a signi cant loss is de ned as the
portfolio value being inferior to 0:8) again computed as the ratio of the number of observed
signi cant losses to the sample size, denotedPy ,

the empirical probability (frequency) of signi cant appre ciation (a signi cant appreciation in the
value of the portfolio is de ned as the portfolio value being superior to the conservative policy of
investing the initial endowment of 1 unit in the riskless as®t and keeping this investment until
the end of the two-period horizon; the associated portfoliovalue in our case is given by (exp)?
in the two-period environment, and by (exp )2 in the three-period one) computed again as the
above frequencies, which we denots,.

All experiments are carried out on a personal computer with 28 GHz clock speed using the GAMS-
IDE (General Algebraic Modeling System) interface with the CPLEX 8.1 linear programming solver.
In this computing environment, a single run (i.e., 50 major dmulations as detailed above) of models
(3), (13), (7) or (14) takes between 20 minutes to 2 hours of cmputing time. A major portion
(almost 70%) of this running time is spent in translating the GAMS models into a form readable by
CPLEX 8.1 optimizer, the robust models taking longer times to get treated by GAMS and solved by
CPLEX. The three-period model runs take around three to four hours to complete. This increased
computational burden seems to be the price to pay to integraé robustness into the models.

After an exploratory phase of initial experimentation, we settled for the value of = 0:05, and
adopted four di erent values of depending on how risky we want the simulated market to be. These
values are chosen as:83, 025, 0216 and 02 as in [2] which would correspond (with an associated

=0:1and! max =1:2) to market risk ranging from 33% to about 40%; c.f., de niti on of risk indices
of assets following discussion on the choice of these paratees in the previous section. We also choose

10



I max = 1:2. Our empirical results reported below show that the marketindeed becomes riskier as
falls from 0:33 to 0:2. We useR =1:11 in our experiments.

We report our results in Tables 1, 2, 3 and 4 below. We abbrevite the robust model results as
ROB, and those with the expected end-of-horizon portfolio lue maximizing stochastic programming
models as STOCH. In the rst three tables we havem = 20 risky assets plus the riskless asset
and 3600 scenario paths. In Table 1, we summarize the resulwwith the two-period models without
transaction costs. In Table 2 and Table 3, we summarize our gxerimentation with two-period models
with transaction costs of = =0:01and = =0:001, respectively. Table 4 gives results for the
three-period model without transaction costs where we usedn = 10 risky assets in addition to the
riskless asset, and we have carried out 10 major simulationsith K = 300 as the models become too
large and time-consuming. Therefore, in Table 4, our samplés size 3000.

We can summarize our ndings as follows:

It is clear that the robust models indeed diminish the variahbility of the nal portfolio value
signi cantly as the value of is increased. In fact, the decrease in the standard deviatio of
the portfolio value vgy from the expected end-of-period portfolio value maximizirg stochastic
model to the robust model seems to be a linear function of at least until a certain value of
around 10. The reduction in the loss frequency is even more pnounced, being almost always
equal to zero in the signi cant loss case, while the risk-netral optimal portfolio may result in
heavy losses.

The robust portfolios of Table 1 display an empirical probaklity of a gain exceeding the riskless
investment strategy comparable (in fact superior) in all cases to that of the risk-neutral invest-
ment strategy. Combined with the much reduced risk of lossegas well as the amount of loss at
stake) the robust investment strategy appears to be preferble for most investors.

Pushing to larger values (we have reported results in Table 1 with = 50 on two-period
models) makes the robust portfolio almost mimic a risklessrivestment where the riskless asset
constitutes more than 90 percent of the portfolio compositon.

In Tables 2 and 3 we have reported results with di erent transaction costs. The results of Table
2 reveal that although the robust models still ful Il their f unction of diminishing variability in
portfolio value and loss frequencies, the robust portfolig yield a relatively smaller chance of
value appreciation beyond the riskless investment compaito the risk-neutral strategy; c.f. the
nal column of the tables. However, this result is to be expedted under the relatively high level of
transaction costs as in the Table 2 experiments under the in@asingly riskier market conditions.
In Table 3 we diminish the transaction costs tenfold, and obgtin robust investment strategies
with reduced variability as usual, and with a higher chance d value appreciation beyond the
riskless return.

From Table 4 we notice that we can achieve signi cant reductons in the variability of portfolio
value at the end of the three-period planning horizon while peserving a considerable chance of
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exceeding the riskless return.

Clearly, these observations serve to answer in the a rmative the two questions we posed above.

Finally, in Figure 1 we plot the vayg versus thevsy values for a typical problem with m = 21, 3600
scenario paths and = 0:33, using values varying from 1 to 8. We refer to the resulting trade-o
curve as the \Experimental portfolio value versus risk trade-o curve". It is reassuring to be able
to display { albeit only experimentally |a curve reminiscen t of e cient mean-variance frontiersa la
Markowitz.

7  Conclusions

In this paper we developed and tested under simulated marketonditions, robust multi-period (two
and three- stage) portfolio selection models based on peniaing a downside-risk term while maximizing
the expected end-of-horizon portfolio value. Detailed teng of the robust investment policies under
the rolling horizon simulation mode revealed that the propcsed models are indeed robust even in
adverse market conditions in the sense of reducing the varkllity of the nal portfolio value and the
loss probability signi cantly while maintaining the chanc e of a decent end-of-horizon return. The
robust models correctly identify a risk-return trade-o , g iving a chance to the individual investor to
position her/himself on an \experimental" trade-o curve b y the choice of the preference parameter

Acknowledgement.  Dr. Oya E. Karasan kindly helped with the initial programmi ng of the scenario
generation procedure. Her assistance is gratefully ackndedged.
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Vmin Vmax Vavg Vstd P Psi Psa

=0:33
ROB( =3) 0908 1.48 1126 0.068 0.021 0 0.642
ROB( =5) 0965 1.42 112 0.045 0.004 0 0.654
ROB( =50) 0.991 1.197 1.111 0.022 :@8 104 0 0.653
STOCH 0.573 1975 1.136 0.17 0.197 0 0.537
=0:25
ROB( =3) 0.846 1.632 1.13 0.084 0.033 0 0.632
ROB( =5) 0935 153 112 0.05 0.005 0 0.644
ROB( =50) 1.000 1.189 1.11 0.021 O 0 0.634
STOCH 0.462 2.365 1.142 0.233 0.272 0.04 0.513
=0:216
ROB( =3) 0.808 1.74 1.133 0.096 0.041 0 0.628
ROB( =5) 0923 1.616 1.122 0.055 0.006 0 0.64
ROB( =50) 1.003 1.194 111 0.021 O 0 0.634
STOCH 0.402 2.659 1.147 0.275 0.307 0.063 0.502
=0:2
ROB( =3) 0.788 1.838 1.135 0.104 0.045 ‘98 10 4 0.62
ROB( =5) 0914 1.677 1.122 0.058 0.006 0 0.641
ROB( =50) 0.942 1.225 1.107 0.02 0.001 0 0.622
STOCH 0.507 2.302 1.125 0.224 0.303 0.052 0.504

Table 1: Two-Period Models: Numerical Results without Transaction Costs, with ! nax = 1:2,
0:05 and 3600 scenario paths.
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Vmin Vmax Vavg Vstd P Psi Psa

=0:33
ROB( =3) 093 123 1105 0.015 0.003 0 0.43
ROB( =5) 1.086 1.164 1.106 0.006 O 0 0.44
STOCH 0.668 2.23 1.124 0.190 0.253 0.025 0.493
=0:25
ROB( =3) 0.878 1.277 1.104 0.021 0.007 0 0.42
ROB( =5) 1.08 1.163 1.106 0.007 O 0 0.432
STOCH 0.567 2.783 1.127 0.258 0.322 0.076 0.485
=0:216
ROB( =3) 0.828 1.402 1.105 0.028 0.014 0 0.416
ROB( =5) 1.042 1.169 1.106 0.008 O 0 0.436
STOCH 0.509 3.214 1.126 0.304 0.364 0.117 0.468
=0:2
ROB( =3) 0.807 1476 1.105 0.033 0.017 0 0.424
ROB( =5) 0993 1.173 1.105 0.01 ®8 10“ 0 0.44
STOCH 0.478 3.498 1.131 0.329 0.376 0.136 0.468
Table 2: Two-Period Models: Numerical Results with Transadion Costs = =0:01, with ! jax =

1:2, =0:05 and 3600 scenario paths, 50 major simulations an = 100.
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Vmin Vmax Vavg Vstd P Psi Psa

=0:33
ROB( =3) 0.903 1.712 1.114 0.056 0.011 0 0.532
ROB( =5) 1.019 1.258 1.107 0.013 O 0 0.5
STOCH 0.711 2.034 1.136 0.185 0.235 0.01 0.513
=0:25
ROB( =3) 0.866 1966 1.117 0.075 0.019 0 0.531
ROB( =5) 1.023 1.197 1.107 0.013 O 0 0.492
STOCH 0.614 2808 1.15 0.256 0.302 0.045 0.507
=0:216
ROB( =3) 0.832 2254 1.12 0.093 0.027 0 0.533
ROB( =5) 1.011 1.198 1.107 0.013 0 0 0.49
STOCH 0.515 3.243 1.159 0.303 0.329 0.081 0.503
=0:2
ROB( =3) 0.809 2411 1.121 0.104 0.031 0 0.529
ROB( =5) 0.999 1.198 1.107 0.013 98 104 0O 0.497
STOCH 0.484 3530 1.164 0.329 0.343 0.096 0.500
Table 3: Two-Period Models: Numerical Results with Transadion Costs = =0:001, with ! jax =

1:2, =0:05 and 3600 scenario paths, 50 major simulations an = 100.
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Vmin Vimax Vavg Vstd P Psi Psa

15625 scenario paths

ROB 0.959 1499 1.149 0.066 0.006 0 0.349
STOCH 0.653 2.353 1.23 0.233 0.146 0.006 0.577
27000 scenario paths

ROB 0.964 1,552 1.162 0.058 :64 10 * O 0.422
STOCH 0.612 1.859 1.147 0.160 0.189 0.013 0.45

Table 4: Three-Period Model: Numerical Results without Transaction Costs,m = 10, with ! nax =
1:2, =0:05, =0:2and =100, 10 major simulations and K = 300.
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Figure 1: Experimental trade-o curve
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