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GRADIENT BASED ADAPTIVE RESTART IS LINEARLY
CONVERGENT*

CAN KIZILKALE', SHIVKUMAR CHANDRASEKARAN!, MUSTAFA C. PINARS, AND
MING GU#

Abstract.

Moment based gradient methods such as Polyak’s Heavy-ball method, Nesterov’s Accelerated gra-
dient method are known to have non-monotonic periodic convergence behavior in the high momentum
regime. If important function parameters like the condition number are known, the momentum can
be adjusted to get linear convergence. Unfortunately these parameters are usually not accessible,
and adaptive restarting is a technique used to tackle this problem. One of the most intuitive and
well known heuristics is to look at the inner product of the momentum and gradient vector, and
restart when this inner product is positive. In this paper we first prove that the convergence rate
of this adaptive restarting heuristic is linear for functions fulfilling criteria which are also satisfied
for strongly convex functions. Hence, for our analysis strong convexity is not a necessary condition
and, therefore can be relaxed. Then we introduce a new restarting criterion that we call “cone based
restart”, and prove linear convergence under identical conditions. We also apply the restart heuristic
to (approximations of) non-smooth convex functions.

Key words. Heavy-ball method, Accelerated gradient, restart, convex optimization, strong
convexity.

AMS subject classifications. 68Q25, 68R10, 68U05

1. Introduction. Speeding up gradient based algorithms via momentum is a
well-known technique. Polyak’s heavy-ball method [9] and Nesterov’s accelerated
gradient algorithm [6] are probably the two most famous algorithms using momentum.

Nesterov’s method is well-known for achieving fast convergence despite not being
more complex than the classical gradient descent algorithm. Although the algorithm
was introduced more than three decades ago, it became very popular in the last decade
due to its benefits in solving large scale problems in sparse signal recovery, machine
learning, composite function optimization, etc., where higher order methods become
infeasible.

The idea behind accelerated gradient scheme is building up momentum to increase
the convergence rate. At each step instead of just taking into account the gradient
we also take into account the momentum vector which is essentially a weighted sum
of all the previous steps. The momentum vector contains some second order informa-
tion about the objective function which leads to accelerated convergence when used
correctly.

An important problem with the accelerated gradient algorithm (and momentum
based methods in general) is that it exhibits non-monotonic convergence behavior.
This behavior seems to be periodic and lowers the convergence rate. An intuitive
explanation of this behavior is that, as the momentum increases, the algorithm takes
much larger steps towards the optimum point, leading to faster decrease in the function
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2 C. KIZILKALE, S. CHANDRASEKARAN, M.C.PINAR, M. GU

value, until the point where the momentum vector makes the iterates move away from
the optimum (overshoots) causing the function value to increase until the gradient of
the objective function nullifies and corrects the direction.

One noteworthy observation is that when step sizes are chosen small enough the
algorithm exhibits monotonic convergence until the first point of overshoot. The
original algorithm lets the gradient slow down the algorithm once it overshoots. Yet
we can obviously do better if we slow it down or stop it “artificially” when overshoot
happens. Instead of slowing the algorithm using the gradient we restart it, which
erases the history and starts the algorithm afresh using the current iterate as the
initial point. If we know the condition number then one can exploit the periodic
behavior of the non-monotonicity and employ periodic restarts at those points to
achieve linear convergence [10]. When we do not have that information though, it is
difficult to decide on the right periodicity.

Some of the tests for detecting overshoot are the exact non-monotonicity test [3],
and the gradient-mapping test [8], both of which seem to work well in practice.

We shall first focus on the gradient-mapping test based restart and prove that
it exhibits linear convergence under conditions which are more relaxed than strong
convexity. To the best of our knowledge our paper is among the the first to establish
a convergence rate result for gradient-based method with restarts. Prior analysis
was restricted to quadratic functions only. Some other recent analyses of accelerated
gradient methods have been based on ODEs [10, 11]. The main idea is to analyze
the continuous case, where step size is arbitrarily small, and then expand the analysis
by quantizing the continuous path. However, we use here the classical approach in
proving the convergence rate. We show that with the gradient based restart condition
the algorithm becomes monotonic. The momentum vector in the worst case grows
like O(Vk) (c.f. Corollary 2), and even in this case we have shown linear convergence
rate (for additional experimental results on the effectiveness of this restart rule the
reader can also refer to [3, 8]).

Our results are obtained under conditions more general than strong convexity. To
prove our results we focus on the heavy ball method with constant inertial parameter.
In the “restart strategy” considered in the literature, the inertial coefficients are the
ones used for general convex functions and are restarted whereas our method is a clas-
sical gradient step without the inertial term. Hence, our usage of the term “restart” is
different from its occurrences in the literature. We introduce three conditions which
are sufficient for linear convergence. There has been quite an extensive research on
achieving linear convergence without strong convexity (such as [1, 2, 4, 12]). The main
ingredient used to achieve linear convergence is quadratic growth condition which is
a quadratic lower bound on the objective f(x) with respect to the shortest distance
from z to the optimal set. Our first condition originates from KL condition, and in
this sense it is similar to quadratic growth condition. Our second condition assumes
a bound on the function where we check what happens in between subsequent iter-
ates. We then show that these conditions can be satisfied without the need of strong
convexity.

Finally we will introduce a new restarting condition, cone based restart which
also achieves linear convergence under our conditions. This scheme gives similar
performance to adaptive gradient scheme yet it uses the gradient in the beginning of
each restart as pivot which shows that the information on the direction of acceleration
is available to us in the beginning of each restart.

As regards recent work related to the present, we note that by analyzing accel-
erated proximal gradient methods under a local quadratic growth condition, Fercoq

This manuscript is for review purposes only.
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GRADIENT BASED ADAPTIVE RESTART IS LINEARLY CONVERGENT 3

and Qu [2] showed that restarting these algorithms at any frequency gives a globally
linearly convergent algorithm. This result was previously known only for long enough
frequencies. Then as the rate of convergence depends on the match between the fre-
quency and the quadratic error bound, they design a scheme to automatically adapt
the frequency of restart from the observed decrease of the norm of the gradient map-
ping. Another recent work related to the present is by Iutzeler and Malick [5] where
the authors investigate the attractive properties of the proximal gradient algorithm
with inertia. They show that using alternated inertia yields monotonically decreasing
functional values, which contrasts with usual accelerated proximal gradient methods,
and provide convergence rates for the algorithm with alternated inertia based on local
geometric properties of the objective function.

2. Preliminaries. We are interested in solving the general unconstrained convex
optimization problem,

min f(z),

where f : R™ — R is a convex function with L-Lipschitz continuous gradient where
gradient being L-Lipschitz continuous is defined as follows (for the rest of the paper
we will be denoting euclidean norm with ||.|| unless otherwise is stated).

DEFINITION 2.1. The gradient of f is L-Lipschitz continuous if there exists a
constant L > 0 such that ¥ z,y € dom(f)

(1) IVf(@) =Vl <Lz -yl
Strong convexity is defined next. There are several equivalent definitions of strong
convexity. We will use the following one.

DEFINITION 2.2. A function f : R"™ — R is strongly convex if ¥V x,y € dom(f)

(2) Fy) = f(2) + V@) (y — ) + (u/2) |y — 2|,
for some constant p > 0.

Nesterov’s accelerated gradient algorithm is an instance of the general momentum
based algorithms. This algorithm produces a sequence of iterates xy, yr € R™ by the
following update rule.

DEFINITION 2.3. Generalized accelerated gradient update rule:

(3) Yr = Tk + Br(xr — Tp—1)
(4) Try1 = Yk — &V f(Yr),

where the term P (xr — xx—1) is the momentum term at each step.

It is well-known that accelerated gradient (we will refer to Nesterov’s algorithm
as "accelerated gradient” for the rest of the paper) has a guaranteed convergence rate
of O(k~2). However, for strongly convex functions, if the condition number u and
Lipschitz constant L are known, it can be improved to linear convergence, O(c™*) (c
is some constant that is greater than 1) [7]. Unfortunately both are unknown in many
problems. Moreover, it is frequently impractical to estimate p.

To make the analysis shorter, we are going to investigate Polyak’s Heavy-ball
method which has the following update rule.

DEFINITION 2.4. Heavy-ball update rule:

Tpt1 = Tk + Br(zr — 2p—1) — 'V f(xg).

This manuscript is for review purposes only.
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4 C. KIZILKALE, S. CHANDRASEKARAN, M.C.PINAR, M. GU

From now on we will refer to the difference between two back to back iterates, zx+1 —
Ty, as the momentum at step k + 1.

The gradient-mapping restart test was proposed in [8]. The restart is initiated if
an ascent direction has a positive projection on the gradient.

DEFINITION 2.5. Gradient-mapping restart condition:
Vf(mk)T(xk — xk,l) > 0.

3. General restarted momentum based gradient descent and its con-
vergence rate. We start by analyzing the general version of a restarted moment
based gradient descent algorithm (we will call it GRMD) given in Algorithm (1).
This algorithm uses heavy-ball update rule instead of Nesterov’s accelerated gradient
method. After the analysis below we shall explain how the analysis can be extended
to Nesterov’s case.

Algorithm 1 Generalized Restarted Momentum Method

Choose z_1 € R™
To =T -1
for £ >0 do
21 = Bre(xp — xp—1) — 0V f(xk)
if restart condition is satisfied then
Tpt1 =2 — apV (k)
else
Th+1 = Tk + 2k+1
end if
end for

Let a* represent a minimizer. Assume that the objective function f(z) is convex,
smooth, and moreover the function and the algorithm satisfy following criteria:

(5) IVF@)IIP > (f(2) = f(z"))/M,

for some M > 0,

(6) f(an) = f(@esr) > mllzg — 2|,

for some m > 0 where k is the number of steps taken since the latest restart, and
(7) Restart is initiated if Vf(2zp + 2r41)” 2rp1 > 0.

We should mention that although condition (6) depends on the algorithm iterates

rather than arbitrary z,y as we will see in the examples later that it is possible to

check this condition and see that it is weaker than strong convexity. We are going to

show that under conditions (5),(6),(7) Algorithm (1) has linear convergence rate.
Observe that when there is no restart (from (7))

(z — 25-1)"Vf(z1) <0,
then

(8) 1Bk (2 — wr-1) = arV(@)l? 2 [1Br(zr — ze—1)|* + RV f(zx)lI?,

This manuscript is for review purposes only.
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160 where the left hand side is the momentum at the next step k + 1: ||Jzpy1 — xi|?, if
161 there is no restart in that step either.
162 Now let kg denote the first iteration where we restart:

163 (9) (xg, — xks_l)TVf(xks) <0.

164 Assume that

165 c(f(xo) = f(z7)) = f(aw,) — fa").

166 To show linear convergence it is sufficient to establish that ¢ has an upper bound
167  strictly smaller than 1.

168 In the rest of the analysis, for the sake of simplicity, we will fix ap = «a and
169 B = 0.
170 LEMMA 3.1. For fized a and B and k < ks,
1 k—1
171 or — zpa]| > H(f(xks)*f(z*));ﬂm-
172 Proof. When there is no restart we have
173 Vi = |lzk — zp—1l] = [|Be—1(zh-1 — Tp—2) — @1V f(zp-1) |-

174 From (5) we know that at each step k < ks,

175 IVF @)l = v (f(zx,) — f(a*))/M.
176 Combining this with (8), we get

1 *
177 Yz B+ 70 (Faw,) — f27),
178 which yields the desired bound when combined with the fact that
179 (10) v1 = ||V f(zo)]- |
180 COROLLARY 3.2. The momentum grows like O(\Vk).
181 Proof. We can pick 8 as close to 1 as possible and for such 8, from Lemma 3.1
182 the result follows. 0
183 LEMMA 3.3. Let ks be the first restarting step. Then,
L
184 f(@o) = f(z*) = (f(zk,) — f(2")) <1+M042 Z Zﬁzz> :
k=0 i=0
185 Proof. From (6), for k < ks, and the fact that
186 flxk) = f(@%) > f(xr,) — f(2"),
187 we have,
k
m .
188 f(@r) — f(@h41) = Maz(f(%s) - f(@")) ;521-
189  Therefore
m kel k
190 f(@o) — flak,) = Maz(f(xks) - f(@")) ];) ;521,
191 which yields the desired bound. O

This manuscript is for review purposes only.
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LEMMA 34. If0< <1
_ 52
ks < {1ln(l— 1m 52 ) —1} .
21116 MO& +
Proof. From inequalities (5), (8), and Lemma 3.1, for fixed o and 8 we have:
lzrsr — 2xl® = 1|B(zx — 2x-1) — aV f(2n)]I3
1 *
> 8~ m) |+ 270?(F ) — f(a))
> 821 — wo|?
1 *
(11) > 7B (f(wo) = f(27)).
Substituting (6) in (11) and summing over k we get,
m ke
flwo) = f(@*) = flao) = flax,) = 570 Y B (f(wo) = f(27)).
k=0
Hence,
— B2(ks+1)
1> ﬂQQL’
M 1-— 2
which yields, when 0 < 5 < 1,

_ Q2
SRS
21n6 MCY + 0

We should note that this upper bound on kg is probably not sharp but it will suffice for
our purposes. Although the upper bound on ks seems to be dependent on m/M (as
we will see for the adaptive restart this expression is a function of ) the selection of
a can be completely automatized independent of m/M (one obvious way is to update

« as § when k,; < 2).

LEMMA 3.5. If a < 1/L then ks > 2. Also, for any t > 2, there exists an a > 0,
such that kg > t.

Proof. Since V f is Lipschitz continuous
IVf(z) = Vf(@—aVf(x)) || < La|Vf(@)].
If 0 < o < L™! then
V@)V f(z—aVfx) > V)" (Vi) - LaVf(z)) > 0.

Therefore ks > 2 since the initial momentum is zero.

A similar, but more tedious, argument, shows that for all ¢ > 2 there exists a
small enough a > 0 such that ks > ¢t. The basic idea is that for sufficiently small «
the initial momentum can be kept as small as desired. Then the Lipschitz continuity
is used as above to show that the restart condition will not be satisfied. O

Let k; denote the number of iterations between the jth and (j — 1)th restarts.
Based on Lemmas 3.4 and 3.5, once 0 < oo < L~! is fixed, we can choose 0 < 8 < 1,
such that there exist constants p and ¢ which guarantee that

2<p<k;<q< oo

This manuscript is for review purposes only.
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LEMMA 3.6. Let r be the total number of iterations. Then

r

1
1+42m P lyok 521'1
M 2uk=0 22i=0

far) = f(@7) < (f(zo) — f(27))

Proof. Let &; denote the point right at the beginning of the jth restart where
2o = 2¢. From Lemma (3.3) and k; > p, right at the beginning of the jth restart we
have,

p—1 k
FlE50) = 1) = () - f()) (1 LMY 3%) .

If there are a total of N restarts until iteration r this inequality leads to,

. N
m —1 k i :
1+ o2 3} Zi:o im0 B? ]

From k; < g we have N > g combining with £y = z( the result follows. 0

Now we have all the ingredients we need to state the main result of this paper.
THEOREM 3.7. Convergence rate of Algorithm (1) is linear.

Proof. The lower and upper bounds on p and ¢ from Lemmas 3.5 and 3.4 combined
with the result in Lemma 3.6 yields

(o) = £ < (o) = 16) | 1o e,

Let
1
1 _In 17‘21*‘32 -1
O<T=[ ml ]{mgl( %a> L < 1.
1+a23(B2+1)
Then we see that Algorithm 1 converges like O(7*) which is linear as claimed. O

Algorithm 2 Momentum accelerated gradient algorithm with gradient-mapping
restart

Choose z_1 € R™
To =T-1
for £k > 0 do
21 = Br(xr — p—1) — arV f(zk)
if Vf(xk + Zk+1)TZk+1 >0 then
Tpy1 = T — oV f(2r)
else
Th+l = Tk + Zk+1
end if
end for

This manuscript is for review purposes only.
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3.1. Convergence Rate of Adaptive Restart under Strong Convexity.
Now, we show that under strong convexity the adaptive restart rule achieves linear
convergence (this version of the algorithm is given in Algorithm (2)). We shall hence-
forth refer to Algorithm 2 alternatively as MAGR. It is enough to establish that the
criteria (5), (6) and (7) are satisfied. Criterion (7) is satisfied by definition of the
adaptive restart rule.

Assuming that no restart was initiated,

(Trt1 — 1)V (2R11) <O

Then from equation (2) we have that,

f@e) > f@es) + V(@) (@r — 2es1) + (1/2)|2pg1 — 2|,
which implies that,

(12) f(ae) = F@esr) > (/2| wr — .

So criterion (6) is satisfied for m = £. Strong convexity can be also used to bound
the gradients at each step.

f@*) = f(a) = Vf(@)" (2" —2) = (u/2)l|lz — ™%,
where z* denotes the minimum of f, leading to,

f@) = f(=") < V(@) (@ —2") = (u/2)||lx — 27|
< IVF@)lle = 2|l = (1/2) ]|z — 2*|?

:m;(#)n? ( |\[ I9s(c )

\V/ 2
i~ _Ivs@I?
2p
hence criterion (5) is satisfied for M = ﬁ As we can see all three criteria are

satisfied for this case hence we conclude that ” Adaptive Restart” scheme has linear
convergence.

3.2. Extension to Accelerated Gradient update rule. At this point we
sketch how this analysis can be extended for the generalized accelerated update rule in
Definition (2.3). In accelerated gradient method the intermediate gradient V f(yy) is
accumulated instead of V f(zy) hence instead of (xj, —zx_1)T V f(2}) algorithm checks
(yr. — 21—1)TV f(yx) and restarts if this inner product is positive. In this case instead
of (8) we will get. || By(wy — x1) — Y flI3 > 18k (ms — zx-1)|2 + a2 |V £ )2
and the rest of the analysis will follow very similarly. Since the gradient is smooth
it is reasonable to expect that (zx11 — o) Vf(zrs1) and (yx — 2x—1)T Vf(yr) to
have the same sign most of the time (it also gives almost identical results in the
experiments) however using (yx —zx_1)7 V.f(yx) as the restarting criteria prevents any
complications. This extension shows that even if we pick a constant 3 instead of the
one in the Accelerated gradient with adaptive restart, it will have linear convergence.
When we pick 8 as in Accelerated gradient, the convergence rate will even be faster
in between restarts. For further clarification, observe that since 8y — 1 monotonically
and since no matter how close to 1 3 is, the analysis continues to hold (when we pick
greater than s in accelerated gradient, we guarantee that the summation Zi:o B2k
stays small enough so that the lower bound for k, still holds; notice also that since
B will eventually exceed any constant 3, ks is still bounded from above).

This manuscript is for review purposes only.
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GRADIENT BASED ADAPTIVE RESTART IS LINEARLY CONVERGENT 9

3.3. A Non-Strongly Convex example. A simple example of a non-strongly
convex function that satisfies the two conditions is f(z) = 27 Az/2 where A is a
symmetric positive semi-definite matrix with at least one zero eigenvalue. Since A is
not full rank it is obvious that this objective function is not strongly convex.

However at every x that is not a minimum we have

Vi(x)= Az = Zcivi # 0,

where v; are eigenvectors corresponding to eigenvalues \; > 0 (Since A is positive semi
definite, the eigenvectors corresponding to 0 eigenvalue span the null-space of A hence
V f(z) is a linear combination of eigenvectors corresponding to non-zero eigenvalues).
Then for \ = miny,so A; we have

2T Ax < eT A%z ||V f()|?
2 7 2 28
So, criterion (5) is satisfied. Since x — xj11 is a linear combination of the gradients

until step k then it is a linear combination of eigenvectors corresponding to non-zero
eigenvalues. We get

(@k — xp1) T Al — 241) > Mok — 2|,
and
szxk - x{HAka = (z — ka)TA(xk — Tpt1) + 2(xg — ka)TAackH.
From the restart condition Vf(zx11)7 (zx — 41) > 0, we conclude that,
of Avg — ol Azgr > (p — wen) " Aleg — 2rg) > Mz — 2 1%,

which satisfies criterion (6). Therefore, this example is not strongly convex yet it
satisfies both criteria and adaptive restart scheme will achieve linear convergence.
While this example is admittedly simple the goal is just to show that the conditions
we have introduced are weaker than strong convexity.

4. Cone based restart. We now introduce a new gradient based restart criteria
which we call “cone based restart”. As we will see in the experiments the correspond-
ing Algorithm (3) has very similar convergence behavior and speed to Algorithm (2),
but it has some nice properties that make it easier to analyze. Moreover the coefficient
¢ in Algorithm (3) makes it possible to tune the algorithm.

The restart condition

V(e + ze1) gr < ||V f(zn + 2641 lllgr ],

guarantees that all of the gradients until the next restart lie in the cone centered
around a pivot vector (gradient right after the restart) g.. Here the parameter c is
used to adjust the width of the cone, ¢ = 0 will make it a half-space and maximize the
growth of momentum but will cause overshooting while ¢ = 1 will make this cone just
a ray hence the algorithm will practically behave like the classical gradient descent
algorithm. For strongly convex objective functions, when we pick 1 > ¢ > %, for all
k we will have (v}, — 2x41)T Vf(zx11) > 0 when there is no restart and this leads to
linear convergence.

This manuscript is for review purposes only.
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Algorithm 3 Momentum accelerated gradient algorithm with cone based restart
Choose z_1 € R™
Choose ¢ > 1/ V2

Top = T-1
gr = Vf(‘rO)
for £ >0 do

2pt1 = Br(Te — Tp—1) — V f(xy)

if Vf(zr+241)T9, <cl|Vf(zg + 2641)||lgr]| then
Tpt1 =T — apVf(Tk)
9r = Vf(ri1)

else

Tht+1l = Tk + Zk+1
end if
end for

107 T T T T T T T T
107
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we kL ]

102 4
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W0 ‘ o --- MAGR 1
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| o | Ul Il T

0 100 200 300 400 500 600 VOO  BOO 900

1

Fi1c. 1. Optimizing the smooth version for p = 1. The vertical azis depicts (1‘(11}7):/'*)’ and the
horizontal axis depicts the iteration number n.

321 4.1. Another Example. We will look into the following problem.

322 (14) f(z) = plog (Z exp((a] = — bi)/p)> :

i=1

323 This problem is a smoothed version of the more general problem of

324 (15) f(z) = max (a] x —by).

1=1,....m
325 In our numerical experiments we took ay = 0.99, 8, = (r+1)/(r—1)(for constant
326 3 0.99 is selected) where 7 is the number of steps taken after the latest restart and ¢
327 is taken slightly larger than %
328 The experiments show linear convergence of both Cone Based Restart and Algo-

320 rithm (2), and how close their convergence behaviors are. In these experiments we
330 did not add the simulations for the accelerated gradient version since it is guaranteed
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and

Fic. 2. Optimizing the smooth version for p = 0.1. The vertical axis depicts (f(r’}i);f*),

the horizontal axis depicts the iteration number n.

to be at least as fast. Moreover that comparison is already given in papers such as
(I8]).-

5. Conclusions. This paper has shown that the gradient-mapping based restart
scheme will improve the convergence rate of momentum based algorithms to linear.
Although this was suspected to be the case in practice we have now proved it to
be true under the assumptions (5), (6) and (7), which are less restrictive than the
assumption of strong convexity. The proposed cone based restarting condition has
very similar convergence behavior, while using the initial gradient as pivot. This
shows that the acceleration happens when the steps do not deviate too much along a
reference vector and this vector be chosen in the beginning of each restart. Since it
also has the flexibility of the tuning parameter ¢ we believe it may serve well where
MAGR cannot. Looking forward, it might be possible to give a more general analysis
that covers an even larger class of restarting schemes. We would also like to study an
extension to problems of non-smooth nature.
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