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Abstract

We consider the best OSPF style routing problem in telecommunication networks, where
weight management is employed to get the optimal routing configuration with the minimum
oblivious ratio. We incorporate polyhedral demand uncertainty into the problem so that
the performance of each routing is assessed on its worst case congestion ratio for any feasible
traffic matrix in the polyhedron of demands. The problem is an accurate reflection of real
world IP networks not just because it considers the likelihood of having inaccurate demand
estimates but also because it models one of the main currently viable traffic forwarding
technologies, i.e., OSPF with equal load sharing. As the OSPF routing problem with
equal split is NP-hard even for a fixed demand matrix, the problem considered in the
paper is also very difficult. First, we prove that the optimal oblivious MPLS routing under
polyhedral traffic uncertainty can be obtained in polynomial time using a duality-based
reformulation. Then we consider the OSPF routing with ECMP in case of general traffic
uncertainty, and present a compact mixed-integer linear programming formulation based
on flow variables. We propose an alternative tree formulation along with a specialized
Branch-and-Price algorithm as an exact solution tool. Finally, we report and discuss test
results for several network instances.

Key words: OSPF, oblivious routing, traffic engineering, ECMP, branch-and-price,
traffic uncertainty, duality-based reformulation.

1 Introduction

The importance of effective traffic engineering for today’s highly information dependent econ-
omy should not be underestimated. Hence, the configuration of an ‘effective’ routing strategy
to achieve a high customer satisfaction and the efficient use of network resources is crucial.
Different routing protocols like Multi-Protocol Label Switching (MPLS), Open Shortest Path
First (OSPF), Border Gateway Protocol (BGP) etc. can be used to tell routers the best paths
to use whereas miscellaneous criteria can be used to determine these paths. We will consider the
OSPF routing protocol with a ‘fairness’ criterion, which is about the optimization of network
utilization through a ‘fair’ allocation of the traffic load among the links of the available shortest
paths. Particularly, we look for a general OSPF routing strategy which is fair for a set of traffic
demands, i.e., an optimal oblivious OSPF routing scheme.

Open Shortest Path First (OSPF) is a link-state routing protocol developed for Internet
Protocol (IP) networks in which routers send information to each other about the state of
their adjacent links. Routers send the traffic between all nodes in an internetwork along the
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corresponding shortest paths composed of available links of the underlying network. These
shortest paths are determined based on a metric established prior to network operations. There
are different approaches for determining these metrics. The traditional approach is to fix link
weights in advance based on some criteria like physical distances or the inverse of link capacities
(Giovanni et al. [17]). On the other hand, the management of link weights so as to optimize
a design and routing criterion is the focus of the most recent references (Parmar et al. [3],
Tomaszewski et al. [5], Fortz and Thorup [6], Holmberg and Yuan [16], Piéro et al. [18], and
Wang et al. [24]).

The ‘fairness’ of a routing can be measured by the utilization (i.e., the fraction of capacity
used by data flow) of the most congested link. If some flow is distributed among the links in
proportion to their capacities such that none of them becomes the bottleneck link, then this
measure would be small and the routing is relatively fair. On the other hand each routing is
assessed irrespective of a specific traffic demand when there is a set of feasible demands rather
than a single one. Such a routing is called oblivious since the path between every node pair is
chosen independent of the current demand matrix. To sum up, the goal of oblivious routing is
to find a set of fair routing paths for all source-sink pairs regardless of the demand matrix.

Since it is not likely for traffic engineers to estimate the traffic demands with certainty
in advance, considering some level of uncertainty in the definition of demand matrices would
strengthen the traffic engineering efforts. Applegate and Cohen [§] study oblivious routing in
the case of very limited information of traffic demands. More recently Belotti and Pmar [22]
consider box and ellipsoidal uncertainty representations. They focus on the case where traffic
demand is assumed to have some lower and upper bounds as well as the case where the mean-
covariance information of random demand is available. In the present paper, we consider the
case of polyhedral demand uncertainty where the possible traffic matrices are assumed to lie in
a polyhedron, defined by a set of linear inequalities.

The problem considered in this paper is a best OSPF style routing problem. We incorporate
weight management into our analysis based on the common belief that OSPF might lead to
unsatisfactory network performance without a good traffic engineering. Naturally, the freedom
of defining a clever weight setting to optimize any design criterion would not deteriorate the
effectiveness of OSPF. Moreover, we have used a general definition of the set of feasible traffic
matrices in deference to the difficulty of having an exact estimate of the demands in real life.
Finally, we apply the Equal Cost Multi-Path Protocol (ECMP) rule, which complies with the
current forwarding technology. It is worth mentioning that these specifics of our problem make
our models practically feasible. Moreover, the added flexibility via weight management and
general demand definition improves the effectiveness of the OSPF routing.

There has been a lot of research to accomplish effective traffic engineering. Different routing
strategies as well as various ways to manage them have been proposed. However, given the
difficulty of the problem, some simplifications had to be made. The most common one is
the assumption of a given demand matrix. Then again there is agreement among researchers
that weight management is crucial to improve the performance of OSPF routing, and hence
weight metric is not supposed to be given. Unfortunately, it is not trivial to determine a
metric consistent with the capabilities of today’s traffic forwarding technology and thus various
strategies for controlling the weight metric are proposed. Such a problem can be thought of as
a particular inverse shortest path problem (Zhang et al [13], Burton et al. [14]).

Weight management under ECMP is NP-hard (Wang et al. [24], Piéro et al. [18], Fortz and
Thorup[6]) and the current technology does not support arbitrary load sharing. In order to
tackle this difficulty either single path routing assumption or a couple of alternative strategies
like the management of next hop selection or edge-based traffic engineering have been used.
We cite Bley and Koch [2], Tomaszewski et al. [5], and Lin and Wang [11], as the examples
for unsplit routing while we refer to Parmar et al. [3], Sridharan et al. [4] and Wang et al. [15]
for the latter case. References Parmar et al. [3], Tomaszewski et al. [5], Giovanni et al. [17],
Piéro et al. [18], and Brostrom and Holmberg [23] also show Mixed-Integer modeling examples



for incorporating the ECMP rule. In Bley and Koch [2], Piéro et al. [18], and Brostrom and
Holmberg [23] a two-stage algorithm is used where the authors initially find an optimal routing
scheme. Then, in the second step they look for a metric that is compatible with the paths
found in the first step, namely a metric according to which these paths are shortest paths. The
drawback of these approaches is that not all configurations are guaranteed to be realized as
shortest paths. Although Wang et al. [24] shows that a class of routes with some property can
be converted to shortest-paths, still no complete description of admissible routing schemes is
available. Alternatively, Parmar et al. [3], Fortz and Thorup [6], Lin and Wang [11], Giovanni
et al. [17], and Wang et al. [24] prefer to consider the optimization of a design criterion and the
link metric, simultaneously.

To the best of our knowledge, there is no other work that combines general traffic uncer-
tainty with the oblivious routing problem. We use duality-based reformulations to convert
our originally semi-infinite models to their linear counterparts. Hence, we provide a compact
linear mixed-integer formulation based on flow variables for the best oblivious OSPF routing
problem under weight management. Furthermore, we present an alternative tree formulation
using destination-based multiple shortest paths as well as a solution tool based on a specialized
Branch-and-Price algorithm, that is strengthened by the inclusion of cutting planes. Also, a
relaxation of our flow formulation, which is an extension of the models of Applegate and Cohen
[8] and Belotti and Pimar [22], can be used to model the MPLS routing under general demand
uncertainty. Hence we show that optimal oblivious MPLS routing can be found in polynomial
time. As a result, we can discuss the relative performances of the oblivious OSPF routing and
the oblivious MPLS routing under a very general setting where any polyhedral definition of
traffic demands can be used. Therefore, we provide a concrete perspective to the discussions
on the feasibility and effectiveness of these routing alternatives.

In summary, the present paper makes an important contribution in terms of modeling and
applicability of the results. We make no assumption of arbitrary split or known traffic demand,
and hence sacrifice neither the practicality nor the generality of the model. Moreover, we
avoid two-stage approaches, which do not guarantee to find a shortest path configuration.
Furthermore, we focus on the efficient use of network resources so as to improve customer
satisfaction by allocating the traffic demand “fairly” among the network links. Above all,
we use compact MIP formulations to model this difficult problem and propose a specialized
Branch-and-Price algorithm as an exact solution tool.

The rest of the paper is organized as follows. In Section 2/ we make some basic definitions and
explain the performance measure we will use in our models to assess the goodness of different
routings. Then in Section 3 we present our integer programming models for the oblivious
routing with general demand uncertainty. Consequently, we show how we incorporate OSPF
routing into our models in Section 4. Section |5 discusses our Branch-and-Price algorithm while
numerical results are provided in Section 6. Finally we offer conclusions in Section [7.

2 Basic definitions and measures of performance

Consider the undirected graph G = (V, E). All edges {h,k} € E are also referred to as links.
For each link we have the associated directed pairs (h, k) and (k,h), which we call the arcs
of G. We denote this set of directed node pairs by A. Moreover, we suppose that each link
{h,k} is assigned cpy, units of capacity, which is available for the total flow on {h,k} in both
directions. The estimated traffic flow from the source node s € V to the sink node t € V is
ds: where we define the set of such directed source-sink pairs as Q@ = {(s,t) : s,t € V,s # ¢} .
The traffic matrix (TM) d = (dst)(s,+)eq shows the amounts of traffic flow between all directed
source-sink pairs. Although d is defined as a vector, the term traffic matriz is obiquitous in the

Telecommunications literature, and we shall use the term matriz throughout to refer to vector
d.



We denote the fraction of dg routed on the arc (h,k) by fgi. Then the matrix f =
(fir) (hkyea,(s,eq defines a routing if it satisfies the following conditions:

1 h=s
S (fik—f) =8 -1 h=t VYheV,(s,t) €Q (1)
k:{h,k}EE 0 otherwise
0< fi <1 V(hk) € A, (s,t) € Q (2)

and we denote the set of all possible routings on G as A. Consequently, the traffic load assigned
by f € A to the undirected link {h, k} € E for the traffic matrix d is Lg(hk) = (s.1)eQ dst(f38 +

5! ) whereas its utilization is Uj(hk’) = Lﬁ;(hk)/chk. The fairness of a routing, i.e., the measure
of how balanced the distribution of a traffic demand d is, can be measured by the maximum
link utilization of f (MaxzU), that is:

MaxU({ = {h%?)éE Uj(hk).

Then, the problem of finding the routing with the minimum M axUU{ for a fixed TM d is
in {MazU)
min {MazUp; }

and it can be modeled as follows:

minr (3)
1 h=s
st Y (fik—fh) =8 -1 h=t Yh e V,¥(s,t) € Q (4)
k:{h,k}eE 0 otherwise
r> Y dalfih + fih) fenn v{h,k} € E (5)
(s,t)eQ
Z dst(fi, + fin) < cnk v{h,k} € E (6)
(s,t)eQ
0< fin <1 V(h,k) € A, (s,t) € Q (7)

where (4) ensures that f is a routing and (5)-(6) imply the existence of a flow, which routes the
traffic matrix d respecting the capacity limitations. Notice that (5) and (6) together with the
objective of minimizing r imply that r < 1, i.e., the traffic load of each link must be less than
its capacity. Therefore, (6) imposes that no link be overloaded.

3 Oblivious routing under polyhedral demand uncertainty

The optimal oblivious routing problem consists in finding a routing for each source-sink pair
(s,t) € Q independent of the traffic matrix d such that the maximum edge utilization is min-
imized. In this case we have a set of traffic matrices D and the best routing is required to
support any feasible traffic matrix d € D in the most balanced way. Thus, oblivious routing
yields a conservative strategy with a worst case approach when the demand is uncertain. As a
result, the ‘goodness’ of a routing is assessed based on a set of matrices where the maximum
link utilization of a routing f is the highest ratio it achieves over D, i.e., maxgep MaxUC{.
However, a more common approach is to use a measure of how close each f is to optimality for
any traffic matrix d € D (Applegate and Cohen [8], Belotti and Piar [22]). Then the oblivious
ratio of f on the set D is ;
MazU
ORj = mas prer,



where BEST, is the smallest maximum link utilization ratio for d and is equal to the optimal
solution of the linear problem (3))-(7). As a result, the problem of finding the routing with the
smallest maximum link utilization for the set D of traffic demands becomes

f
. maxp ryer Uy (hk)
MR M e (8)

. s
Notice that BEST, does not depend on {h,k} and hence %W can be written as
U (hk)

MaX(p k}eE BEST, - Then, we can swap the two max functions in (8) to have the equivalent
expression

. Uj (hk)

min max x —4—=

feA {hkteE deD BESTy

(9)

In the sequel, we can model (9) as the following mathematical model:

minr (10)
> s.yeq dst(fik + fin) /enk
.. > =
st. r> max BEST, V{h,k} € E (11)

1) - @) (12)

where (12) ensures that f is a routing. Constraint (11) implies that for each link {h,k} € E and
routing f € A, we have a maximization problem over D. Hence the definition of D is important
in modeling and solving (10)-(12]).

Unlike the case with fixed traffic demands, although here d is not known it should not be
considered as a variable of the optimization model (10)-(12). It is instead a variable of the
inner optimization model on the right-hand side of constraint (I1). Due to the max operator
in constraint (11)), the model (10)-(12)) is equivalent to a semi-infinite optimization model with
one constraint (11)) for each d € D.

Another remark is useful here. In recent works on network design with uncertainty in the
traffic demand, there has been an interest towards the set D’ C D of so-called dominant demands
(see Oriolo [12]), which are defined as those that suffice to describe the entire uncertainty set,
or in other words, such that routing all demands in D’ implies that all demands in D are
also routable. For instance, in network design problems where capacity has to be installed to
accommodate a set of uncertain traffic demands, it is easy to prove that a demand d dominates
all d’ such that d’ < d. A necessary and sufficient condition for dominance between traffic
demands has been given by Oriolo [12]. However, the same does not apply here because the
objective function of the inner optimization problem is not linear w.r.t. d, hence for two demands

! , MazUd, _ MazU!
d and d’ such that d’ < d we cannot prove that 5+ ST, <3 BT

Bearing in mind that the demand uncertainty can be modeled in various ways, we will
consider the case of polyhedral uncertainty: traffic demand matrices are not known but are

supposed to belong to a polyhedron defined by some linear inequalities specifying the capacity

of routers or bounds on the traffic flow between some node pairs etc. Consequently, we consider
the general traffic uncertainty model

D ={d=(ds)(smyeq : Ad<a, d >0, d # 0} (13)

where A € RE*IQl and a € R with H being the number of linear inequalities that define
D. We prove that the above semi-infinite optimization model can be reduced to its equivalent
linear counterpart by using LP duality. Firstly, notice that we can write (11) as

st sty < .
max (tz)éstt(fthr iy —renBEST  p <0 V{h,k} € E (14)



Then the left-hand side of (14) is a maximization problem and we have the following model P
for each {h,k} € E:

(Pur)  max Y da(fif + fif) — rwenk (15)
(s,t)EQ
5.t > (g - gh) = du V(s,t) € Q (16)
j{s,j}teE
> (gi-gh=0 Vie V\{st},(s,t) €Q (17)
j:{i,j}EE
> (g5t + g5 < wey ¥{i,j} € E (18)
(s,t)€Q
w<1 (19)
Z afldy < a, Vz=1,...,H (20)
(s,t)€Q
gff >0 V(i,j) € A, (s,t) € Q (21)
dg >0 V(s,t) € Q (22)
w >0 (23)

where w = BEST, and the traffic polytope D is defined by H linear inequalities of the form
(20). Applegate and Cohen [8] assume that, at the optimum of the inner optimization problem
(12), BEST,; = 1 and hence one of the arcs is assumed to be used to its full capacity in the worst
case. However, as Belotti and Pmar [22] show, this is not a valid assumption all the time. They
give an example of the case where D = (ds¢)(s,1)eq is such that dy; < a% Y(s,t) € Q
with @ < 1. Then none of the links would be used totally even if all demands were routed on the
link with the minimum capacity. Hence, we avoid such an assumption and use (15), (18), and
(19) to model this feature of the problem. Moreover, constraints (16)-(19) ensure that there is
a feasible flow g on G = (V, E) that routes demand d without violating the link capacities.

For a given r and routing f, Py is a linear programming problem, and hence we can employ
duality to get the dual problem (DPyy) for each link {h,k} € E. Consider the dual variables
Tt O Mgk, Xak, and X2¥ of the constraints (16) - (20). If we let

ik ifi=s
af)thk otherwise

then we have:

H
(DPhk) min Xhk + Z az/\gk (24)
z=1
s.t. I35, — 55k + mijnk > 0 Y(i,j) € A, (s,t) €Q (25)
H
—mih Y AN > 4 S V(s ) €Q (26)
z=1
- Z CijNij,hk + Xhk = —TChk (27)
{i,j}eE
Nijhk = 0 V{i,j} € B (28)
Xhk = 0 (29)
Mk >0 Ve=1,..,.H (30)

We use D Py, and the duality theorems to reduce (11]) to an equivalent set of linear inequalities.



Proposition 3.1. For the polyhedral traffic uncertainty model where D = {d = (dst)(s,1)c0 :
Ad < a, d >0, d # 0} the right-hand side of the constraint (11|) for each {h,k} € E can be
replaced with the equivalent inequality system (25)-(30) and the inequality

H
—Xnk — > a:A* > 0. (31)
z=1

Proof. Suppose D is subject to polyhedral uncertainty. For each link {h,k} € F consider the
following LP problem (F Pyy) :

{min0 : (25), (26), (27), (28), (29), (30), (31)}. (32)

Let g5}, dat, w, and 9ui be the dual variables associated with constraints (25)-(27), and (31),
respectively. Consequently, the corresponding dual problem (FDpy) is

max{—wrene + Y dat(fif + fih)} (33)
(s,t)€Q
s.t. > (g - gl =du V(s,t) € Q (34)
ji{s.gyeE
> (g —-gh=0 Vi e V\{s,t}, (s,) € Q (35)
j{i,j}EE
> (g5t + g5 < wey v{i,j} € B (36)
(s,1)€Q
w < Y (37)
> daas’ < gnras Vz=1,.,H (38)
(s,t)EQ
95 >0 Y(i,j) € A, (s,t) €Q (39)
dsi >0 V(s,t) € Q (40)
w >0 (41)
Y >0 v{h,k} € E. (42)

Without loss of generality, we can assume that 1 > 0 since we would have the trivial solution
otherwise. Hence, if we scale each variable by 1 such that g5t = g5 /¥nk, dst = dst/Ynk, and
@ = w/Ypk, then (33)-(42) reduces to (15)-(23) as we wanted to show. O

Corollary 3.1. Assuming that the traffic demand set D is subject to polyhedral uncertainty,



solving the following LP yields the optimal oblivious routing on G = (V, E):

min r (43)
1 h=s
st Y (fih—f4) =4 -1 h=t Vh €V, (s,t) € Q (44)
k:{h,k}E€E 0 otherwise
H
Xnk + Y a: A <0 v{h,k} € E (45)
z=1
?,thk - Hj,thk + Nij,hk > 0 V(’L,j) € Aa (87t) € Qv {hv k} EFE (46)
H
—mhi + Y AN > i+ £ W(s,t) € Q, {hk} € B (47)
z=1
- Z CijNij,hk + Xhk = —TChk V{h,k} € E (48)
{i.j}eE
0< fil <1 V(h,k) € A, (s,) € Q (49)
Nij.nk > 0 Wi, j}, {h,k} € E (50)
Xnk = 0 V{h,k} € E (51)
Ak >0 Vz=1,...,H, {hk} € E. (52)

An important issue that we need to highlight here is that the model (43))-(52) is a linear
programming problem. Hence we proved that the optimal oblivious ratio for MPLS routing
under general traffic uncertainty can be computed in polynomial time by solving [43)-(52).

Before discussing how the OSPF routing protocol could be incorporated into the oblivious
routing problem, it would be useful to mention that there is no condition on how the routes
would be chosen to carry the feasible traffic matrices on G = (V, E) in the above model.
Moreover, constraints (49) imply that the flow from s to ¢ can be split in any fraction among
the paths defined between them. However, this latter issue is not applicable with the current
traffic engineering technology. The current approach is either to use a unique path for each
demand dg; or to split it equally among multiple paths. Besides, OSPF protocol is compatible
with the current applications. Hence the inclusion of OSPF routing with the aim of ’fair’ traffic
allocation is also important for the sake of applicability. This is discussed in the following
section.

4 Modeling OSPF routing

Open Shortest Path First (OSPF) routing protocols route flow between node pairs along the
corresponding shortest paths defined with respect to some metric. The traditional approach is to
fix this metric in advance and determine the shortest paths a priori. The more recent approach
is to manage the OSPF metric to optimize a given design criteria. We also adopt this latter
approach since we believe in the necessity of good weight management to improve the OSPF
performance. Therefore, we consider OSPF routing with the goal of minimizing the oblivious
ratio r defined in (9)), where BESTy is the oblivious ratio of the best non-OSPF routing, since
we want to compare the performance of OSPF with that of the best non-constrained routing.

Naturally, there can be more than one shortest path between a pair of nodes. In terms of
routing design, one option is to consider unsplittable routing such that each demand dg can
be routed on a unique path. However, using multiple paths would mostly improve the fairness
of work load distribution. To further clarify this issue, consider the simple example given in
Figure 1. The numbers on each link are its weight and capacity, respectively. For example, the
link {A, B} is assigned a unit weight and 12 units of capacity, which is available for the traffic
in both directions.
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Figure 1: Example for splittable vs unsplittable routing

Suppose that we have a fixed traffic matrix d where nodes A and C exchange some traffic
with dac = 8 and dca = 4. In this case, we can define 3 shortest paths between A and C in both
directions. With unsplittable routing we would route each demand along a single path. Then
we would have the situation shown in Figure 1a where the link {4, C} is used to its full capacity
although the rest of the links are left idle. On the other hand, if we allow splittable routing,
then we would have the case in Figure [1b where the utilization of all links are around 50%. The
latter routing is more fair since all links would use almost equal fractions of their capacities.
Hence rather than unsplittable routing, it would be better to apply Equal Cost Multi-Path
(ECMP) routing in which the demand ds; accumulated at some node 4 is split evenly among
all shortest paths between i and ¢t. As a result, we model OSPF routing with ECMP. Two
formulations, namely the flow formulation and the tree formulation, will be presented in the
rest of this section.

4.1 Variables and parameters

Below we present two formulations to model OSPF routing. Integer variables 6;; define the
metric used at each arc (i,j) and range between 1 and ©,,4., which is a parameter of value
65535, Although we only need the optimal values of the f and @ variables, some auxiliary
classes of variables are needed. We define p! as the shortest path distance between i and ¢
according to the metric defined by the 6;; variables. In order to impose ECMP constraints, we
use a variable f! which gives the fraction of flow that, after entering node 4, is split among
different outgoing arcs due to the ECMP rules. For example, in Figure [Ib, for node B and the
demand from A to C we have p4¢ = 0.25 because the portion of flow from A to B is equally
split on the two shortest paths from B to C. Similarly, ¢4 = 1/3 since there are three shortest
paths from C to A.

4.2 Flow formulation

To model OSPF routing, we must ensure that the demands are routed on the corresponding
shortest paths. We can do so via a set of linear inequalities where the binary variable yfj
indicates if the arc (¢, ) is on some shortest path destined to node ¢, i.e., if it is a shortest path
arc for t. Note that OSPF is a source invariant routing scheme, and this is the reason why we
do not need an index for the source node s in y variables. Consequently, we use the constraints

o<l V(G €A (st €Q (53)

to relate y variables to flow variables. Moreover we include

i+ b — i+ 0 >1 V(i) e AteV (54)
t t
- —p; 05
ﬂ@—&agL—iz—lv@ﬁeAjeV (55)

IThis is the common constant used in the literature when integer link weights are required.



to model OSPF routing. The Bellman conditions p§- — pt +0;; > 0, imposing non-negative
reduced cost of arc (i, j) for the set of shortest paths destined to ¢, are dominated by constraints
(54)), and therefore are not included. If yfj =1, then (7, §) is a shortest path arc for all demands
destined to ¢t and hence the Bellman condition must be satisfied with equality, as imposed by
(54) and (55).

On the other hand, if some arc (i,7) is not a shortest path arc to t according to weights
0, then its reduced cost must be at least 1 since we require ¢;; > 1. Lastly, any constant
larger than 20,,,, can be used in (55). Since for each link {i,j} € E we have (i,j) € A and
(j,i) € A, we use 20,4, as mentioned in Holmberg and Yuan [16]. Although they explain
the reason for such a choice, we restate it here for the sake of completeness. Firstly, for some
arc (j,i) we know pf > p — 6;; by the Bellman conditions. As a result, for arc (i,j) we have
p§. —pt+0; < pz. — p;- +0;i + 0;; < 20,,4,. Finally, we need the following set of constraints

since we want to apply the ECMP rule to implement splittable routing;:

L+ [ =9 >y V(0,5) €A (s,1) €Q (57)
with the variable bounds
1<6;; < Opqp integer V(i,j) € A (58)
yi; €{0,1}  V(i,j)e AteV (59)
0<@f' <1 VieV,(st)eq. (60)

Constraints (56) and (57) impose that if demand ds; is routed via some node i, then all arcs
originating at 7 and contained in some shortest path to ¢ should share the total flow accumulated
in i equally.

Corollary 4.1. The solution of the following linear MIP is the optimal oblivious OSPF routing
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on G = (V, E) with equal load sharing under polyhedral demand uncertainty:

minr (61)
1 h=s
st Y (fih—f4) =4 -1 h=t Vh €V, (s,t) €Q (62)
k:{h,k}E€E 0 otherwise
H
Xnk + > az\F <0 v{h,k} € E (63)
z=1
?,thk - Hj,thk + Nij,hk > 0 V(’L,]) € Aa (87t) € Qv {hv k} EFE (64)
H
—mk ) af AR > i+ i V(s,t) €Q, {h,k} € E (65)
z=1
- Z CijMij,hk + Xhk = —TChi V{h,k} € E (66)
{i,jteE
t t -
fj S yz] V(Z,j) € Aa (Svt) € Q (67)

¢ Pé—Pf+9ij>

—Yij — T -1 V(i,j) e A,teV (69)
o < st V(i,j) € A, (s,1) €Q (70)

L+ f5 =i >y V(i,j) € A, (s,1) €Q (71)
0< fik <1 V(h,k) € A, (s,t) € Q (72)

Nij,hk = 0 {i,j}, {h,k} € E (73)

Xnk >0 V{h,k} € E (74)

Ak >0 Vz=1,...,H, {hk} € E (75)

1<6;; <Omaa integer V(i,j) € A (76)

yi; € {0,1} V(i,j) € A,teV (77)
0<eit <1 Vi eV, (s t) € Q. (78)

Notice that if we use the flow formulation (61)-(78) to model OSPF with ECMP we need
2|E|(]V| + 1) + |V]? additional variables, 2| E||V| of which are binary. Even for medium sized
networks, the size of our formulation can get very large and the related solution time would
be too long. Hence the time required to solve these problems using MIP solvers is quite long.
Therefore, we propose an alternative tree formulation, whose linear relaxation can be solved by
column generation, in the next section.

4.3 Alternative formulation

In this section we adopt an alternative approach where we use tree- rather than flow variables
to model OSPF routing. In this model each tree variable corresponds to an SP tree, which is
a widely used structure in OSPF and IS-IS routing protocols. We give a brief explanation of
these special structures in the following lines and later proceed with a discussion of our tree
formulation in the rest of this section.

4.3.1 Shortest Paths Trees

A Shortest Paths Tree (SP tree) is an acyclic graph such that, for at least one metric, all and
only paths within the SP tree are the shortest ones. In other words, an SP tree T with respect
to some node ¢ (destination node) of the backbone graph G = (V, E) contains all shortest paths
from all other nodes of G to ¢ for a given vector of link weights. Notice that if there are multiple
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shortest paths from some node s € V'\ {t} to ¢, then all of them are included in 7. Hence the
structure of an SP tree, i.e., the set of arcs it contains, is very much affected by the link metric.
Therefore we need to underline that an SP tree T does not have to be a tree literally since it is
the union of some paths. As a result it is important to mention here that an SP tree is some
acyclic subgraph of GG, but not a tree in general.

4.3.2 Tree Formulation

In our problem formulation we use destination based SP trees and hence T shows how all the
traffic towards its destination node ¢ should be routed on the arcs of the backbone graph. In
other words, each SP tree T defines a routing configuration for its root node. Thus, we want
only one SP tree to be used for each t € V. We model this requirement via binary 7% variables,
which indicate whether the implicitly defined SP tree T is used to route all traffic flow ending
at ¢t or not. Bearing in mind that the number of paths in a graph can be exponential in number
we define €); as the set of SP trees with destination ¢ and €);; as the set of SP trees containing
arc (4,7). Consequently, we can ensure that a single SP tree would be used for each destination
by the constraint

ZTZtF:l vt e V. (79)
TeQ:
Moreover, we use the inequality
S Y T Vi) eA(st)EeQ (80)
TEeQNQ;;

to relate the 7 variables to flow variables. Notice that (80) is analogous to (53) of the flow

formulation. If some flow originated at s and destined to ¢ is routed on arc (4, j), then this arc

should be a shortest path arc for ¢ in any SP tree T that will be used for it. Hence the sum on

the right-hand side of (80) must be 1, which ensures that the SP tree for ¢ contains (i, j).
Consequently, we include the OSPF constraints

> orhAp—pi+0;>1  VteV,(ij) €A (81)
TEQNQ;
t t
-y 7%7[%2(;7]271 vt eV, (i,5) € A, (82)
TN max

which are analogous to (54)) and (55)), respectively. Note that the summations in (81) and (82])
would be equal to one only for the shortest path arcs ensuring that their reduced costs are zero.
The final set of constraints are the following ECMP constraints

st st ..
¥ S Pi V(Za]) € Av (S,t) € Q (83)
L fil =t > Y 7 V645) €A (st)€Q (84)

TeQNQ;;
with the variable bounds

1<6;; <Opqp integer V(i,j) € A (85)
e {0,1} VeV, Te (86)
0<@f' <1 VieV,(st)eq. (87)

The flow and tree formulations are analogous to each other, and the difference is how one
tries to solve them. Before discussing our solution approach for the tree formulation, we should
make a remark here. As we have mentioned before, the SP trees are defined by the weight
metric 6, which is also a variable of our model. Hence, we know neither the number nor the
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structure of SP trees explicitly in advance, and we can say the sets ; and ;; are implicitly
defined.

Consequently, the oblivious routing model discussed in Proposition 3.1/ can be combined
with one of the flow or path OSPF models to find the optimal OSPF routing under ECMP rule
such that the oblivious ratio is minimum.

5 A Branch-and-Price algorithm for exact solution

The number of paths in a graph depends on the structure of the graph, and it can be huge.
So can be the number of variables in the tree formulation, hence we have decided to develop a
branch-and-price (B&P) algorithm, which is a column generation integrated branch-and-bound
technique. This method was initially discussed in Barnhart et al. [7] and it is an efficient
approach to cope with those models with a large number of variables. Basically, it is a modified
branch-and-bound (B&B) algorithm, which starts with a restricted LP relaxation (RLPp) with
fewer variables than the original problem and applies column generation at each node of the
B&B tree. The subproblem in a B&B node (RLP,,;) is optimal when no new columns can be
added to the problem and branching occurs if the integrality conditions are not satisfied by the
current solution. An application of the B&P algorithm in a VPN design problem can be found
in Altin et al. [1].

In our problem, we consider destination based SP trees comprising shortest paths to each
node t € V from all other nodes of the graph G = (V, E). Just like the number of paths in a
graph, the number of SP trees can also be very large. Therefore it is wise to use Branch-and-
Price to solve the tree formulation. We summarize the main steps of our B&P algorithm in
Figure 2. The details of the application are addressed in the rest of this section.

As a final remark, note that we use the terms SP tree T destined at ¢ and 7% wvariable
interchangeably throughout this section.

5.1 Initialization

We start our B&P algorithm with a relaxed formulation RLP,, whose solution is feasible but
not necessarily optimal for the original problem. For the sake of completeness, we define RLP,
as follows:

13



algorithm B&P;
input: an undirected graph G = (V, E), a traffic polytope D, a link capacity vector ¢ ;
output:the optimal oblivious ratio in the OSPF routing environment for the given input;

begin
Initialize:
Find an initial set Qo of SP trees, i.e., 74 variables;
Let Q = Qo; // Q is the current set of SP trees
Let S = {root} ; // S is the set of unevaluated B&B nodes, root is the root node
Let UB = oo; // UB is the best oblivious ratio obtained so far
while S # () begin
Select ny, € S such that LB(ny) < LB(n)Vn € S
Let S = S\{nsp};
repeat
Optimize: Get z*(np, Q);//optimal value of RLP,,,,
Price:
For each t € V begin
Search for a new th variable, i.e., an SP tree T destined to t;
If 7'% has a promising reduced cost then begin
Add T to the current set of SP trees, i.e., Q = QU T’
Update RLP.,.r;
end
end
until no new 7' can be found
If current LP is feasible then begin
Let z},(ny) be the upper bound obtained by approximation
If 2}, (ny) < UB then begin
UB = =y(m)
end
If the current optimal solution is not integral then begin
Branch:
Select a fractional 74 variable and branch;
Create two child nodes {n,,n;} and let S = SU{n,,n;}
end
end
Extract B&B nodes that are fathomed by bound or infeasibility from S
end
end

Figure 2: Summary of the B&P Algorithm for the Tree Formulation
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min r (88)

1 h=s
st Y (fik—f%) =4 -1 h=t Vh €V, (s,t) € Q (89)
k:{h,k}cE 0 otherwise
H
Xnk + > az\F <0 V{h,k} € E (90)
z=1
I35, — Tk + Mijne > 0 Y(i,j) € A, (s,t) € Q, {h,k} € E (91)
H
—mik ) al AR > fi i V(s,t) € Q, {h,k} € E (92)
z=1
- Z CijMij,hk + Xhk = —TChi vih,k} € E (93)
{i.j}eE
S orh=1 VieV (94)
TeQ)
<y V(i, ) € A, (5,1) € Q (95)
TeN)NQY;
S orhtpl—pl+0i>1 VteV,(i,j) € A (96)
TeQ)NQY;
L= ol + 0
3 7;7%271 VEeV, (i ) € A (97)
TeQNQY; max
o < pft V(i,j) € A, (s,1) € Q (98)
IR D V(i,j) € A, (s,t) € Q (99)
TeQNQY;
1<0;; <Opax integer V(i,j) € A (100)
5 € {0,1} VteV,T €Y (101)
0<yi' <1 VieV,(s,t) €Q (102)

where QY = Q¢ N Q; and ng = o N Q;; with the inital set of SP trees Q9. Given constraints
(94), we must have at least one SP tree for every node t € V in Qg to ensure that each ¢ is
reachable from every other node of G = (V, E). Therefore, we need to construct )¢ using some
metric. This metric can be such that each arc is assigned a unit weight or a value proportional
to the physical distance between its two endpoints. We prefer to use an inverse capacity weight
setting in which the weight of each arc is equal to the inverse of its capacity (this has been used
for instance in some network operated by Cisco). This choice implies that g will be formed by
considering the link capacities to some extent. Finally, notice that |Q] = |V| and we have one
74 variable for each ¢ in RLPy. Hence we start with |V| binary variables, which is much less
than 2|E||V| of the flow formulation.

5.2 Pricing

In each node of the B&B tree, the linear programming problem is solved by generating the
necessary 7 variables dynamically. Given a solution of RLP,.,.. which uses a subset of 7
variables, a pricing procedure is used to find a set of new 7 variables whose reduced cost
is negative and which may therefore improve the current routing. In other words, we look for
some more promising routing strategies. Notice that the reduced cost of each 74 variable (red.)

15



is

G > vk Y Wi s+ Y Beog| (103)

(i,9)€T seV\{t} cecut(ny)

where (;, v}, v;, <f;, and &5 are the dual variables of the constraints (79),(80), (81), (82),
and (84), respectively. Moreover, we take care of the dual variables for the branching rules by
including B.gf; in (103). In brief, suppose we are in the B&B node n, with cut(n;) being the
set of cutting planes added for all ancestor nodes of ny,. Then consider the SP tree T. If the
arc (i,7) is contained in the SP tree T, then we would have ¢f; = 1 Vc € cut(np) provided
that T" appears in the cutting plane c¢. As a result, the dual variables B, of the corresponding
branching rules will be included in the reduced cost of 7k.

As we have expressed in Section 5.1, we start the B&P algorithm with an initial set {2
of SP trees. Then, as we generate new 7 variables, we include the corresponding SP trees in
our model, and update the set of currently available SP trees (€2) accordingly. While redy. is
nonnegative for all SP trees, which are enumerated so far, i.e., VI € Q, if we can find a new 7'%
with a negative reduced cost, then we can improve the current solution by simply routing all
demands destined to ¢ on 7.

To determine such SP trees we solve a shortest path problem for each destination node
t € V with arc metric a on an auxiliary graph Ggu.(t,@). Two important issues should be
handled with care at this stage. First, the solution of the pricing problem must comply with
the definition of an SP tree, i.e., ECMP routing and integer arc weights must be ensured. Second,
we can guarantee to have neither a nonnegative a nor an acyclic Gy (t, ). Actually, it is very
likely that Gaqz(t, @) has negative cycles. Hence we cannot use the well known shortest path
algorithms like Djikstra or Bellman-Ford algorithms to solve the pricing problem. Therefore,
for each destination node ¢, we solve the pricing problem to determine promising SP trees using
the following MIP model PR,

z; = min Z Q5 Yij (104)
(i,7)€A
1 1=s
st > (- f)={ -1 i=t VieV,se V\{t} (105)
j{ij}EE 0 otherwise
< w5 Y(i,j) € A, s € V\{t} (106)
L+ fi — o8 > yij V(i,7) € A,s € V\{t} (107)
—yy - (P52 > 1 g e (108)
Yij +p; —pi+ i > 1 v(i,j) € (109)
0<f5<1 V(z,])eA,sev (110)
0<pi <1 VieV,seV (111)
1<6;; <Opmaa integer V(i,j) € A (112)
yi; € {0,1} (i, j) € A (113)
pi >0 VieV (114)

where the binary variable y;; indicates if (4, ) is an SP arc for ¢ whereas f, ¢, p, and 6 retain
their definitions made in the original master problem. Moreover, we set

aij = -0+ - Y. (7 - Y Bl V(i,j)eA

seV\{t} c€cut(ny)

in the objective function. Consequently, since PR; contains the OSPF and the ECMP con-
straints as we have discussed before, its solution is an SP tree T defined with respect to some
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metric 0 and its total length is 2} = Z(i)j)eT* a;;. Now, if 27 < (; then we have a new routing
configuration whose inclusion could improve the current solution of the original problem. Hence
we add the SP tree T = {(i,5) € A:yj; = 1} destined at ¢ to Q. Note that we solve the pricing
problem for all nodes t € V' at each call of the Price routine in Figure [2.

5.3 Upper bound approximation

At each node ny, of the B&B tree, we keep on pricing 7 variables and reoptimizing the updated
RLP,,., problem until we cannot identify new SP trees. When we are done at n;, we have a
lower bound LB(n;) on the optimal oblivious ratio r(n,) we could achieve under the same set
of constraints defining ny. On the other hand, if we can find a feasible solution of the original
master problem, then this will be an upper bound (U B) on the optimal oblivious ratio r*. Such
an information would be useful especially for those large instances that are difficult to solve to
optimality in reasonable time. As a result, we implement a simple method where we fix an SP
tree for each destination node t € V and solve the original problem with this specific routing
plan. In brief, given the optimal solution of RLP,,,, we have the optimal values for the 74
variables. So, for each t € V' we pick the SP tree T* destined at ¢ such that 7. > 74 VT € Qt,
where Q; is the set of currently known SP trees destined at t. Then we fix these 74, variables
to 1 and solve the original master problem. If this routing strategy is viable, then we have an
oblivious ratio zyp(np), which is an upper bound UB on the optimal oblivious ratio r*. An
overview of this method is provided in Figure 3l

5.4 Branching

The efficiency of the B&P algorithm is highly dependent on the effectiveness of the branching
rule. Moreover, the structure of the pricing problem should not be destroyed for the B&P
method to be applicable. Hence, we use a branching rule that exploits the problem structure
to partition the solution space without complicating the pricing problem.

As we have mentioned in Figure 2, we use fractional 7} variables to determine the restrictions
we impose in each branching step. This does not mean that we base our branching rule on the
dichotomy of these variables. Such an approach would not be efficient since the algorithm might
get stuck to the same set of SP trees and loop. Suppose that we have used a branching rule
such that 71 = 0 in one branch and 74 = 1 in the other. The former condition means that the
SP Tree T cannot be used for the destination node ¢t. However, it is possible that PR; finds an
SP Tree T with exactly the same set of arcs of T, i.e., T=T. Consequently, we have decided
to create two subdivisions of the current problem based on an arc (i*,j*) being or not being
an SP arc for the demand dg«4+ of the pair (s*,¢*). The procedure for selecting the quadruple
(i*, 7%, s*,t*) is explained in Figure 4.

When we are done with branch selection, we use the following rule to partition the solution
space by creating two new nodes such that either of the following conditions holds:

e (i*,7*) is not an SP arc for the pair (s*,t*), i.e.,

S =0 (115)

e (i*,5%) is an SP arc for the pair (s*,t*), i.e.,

st
s*t* > E(k,i*)eA fki*

st 11
YT deg(it) -1 (116)

Notice that the summation on the right hand side of the inequality (116)) is the total inflow
for node i*. Moreover, suppose deg(i*) arcs are incident to i*. Then in order (i*,j*) to be an
SP arc, we must have at least one incoming arc and at most deg(i*) — 1 outgoing arcs for node

17



Procedure Upper Bound Approximation
input: Optimal values of the 7 variables for RLP,.,,.., i.e.,T
output: Upper bound UB on the optimal oblivious ratio r

begin
For each t € V begin
Pick the largest 74 variable such that 7'721* >71h VT € Q
Let A; be the set of SP arcs contained in T*
Get the fraction of demand routed on each arc (i,5) € A; by solving LP;:
min 0
1 i1=s
s.t. Z(z‘,j)eﬁt I = Z(N)EA fii=q -1 i=t VieV,s e V\{t}
0 otherwise
—fytei=0 V(0,j) € Ans e V\{t)
0<f5 <1 V(ij) € Ay, s € V\{t}
5=0  V(i,j) € A\Ay,s € V\{t}
0<¢i<1l VieV,seV\{t}
Let a5t = f5+ f5; V{i,j} € E,(s,t) € Q
end
Solve the following problem Pyp to get an upper bound UB on r*
25 (ny) = minr
st Xk + i a NP <0 {hk}eE
I3, — 150, +migne 20 V(i) € A;(s,t) € Q;{h,k} € E
it Sl el MR > o (s €Qi{h k€ B
ph—pi4+0i;=0 Y(i,j)eA,teV
ph—pi4+0i;>0 V(i j)e A\A,teV
xne >0 Y{hk} €FE
MNk>0  Vz=1,.H, {hk}€E
nijae >0 YV{i,j} € E, {hk} €E
pl>0 VieV,teV
1 <0;j < Opqq integer V(i,j) € A
r>1
If 2}, (ny) < UB then begin
Let UB = 2%, (np)
end
end

Figure 3: Summary of the Upper Bound Approximation Method
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procedure: Select Branch
input: 7% values in the solution of RL Py,
output: The quadruple (i*, j*, s*,t*) // (s*,t*) € Q; (i*,7*) € A

begin
Take the most fractional 7h.; let t* =t and Ty = T*
Find the second most fractional 7"%:; let T, =T,
found = FALSE; //no quadruple is chosen
For each arc (7,7) € A begin
if ((4,4) €e T*UT, and (¢,7) ¢ T* NT,) then begin
if (f3f >0 and (i, 7, s,t) is not used in upper branches) then begin
if deg(i) > 1 then begin
Let (i*,5%,s*,t*) = (4,4, s, t);
found = TRUF;
end
end
end
end
If (found = FALSFE) then begin
For each arc (i,j) € A begin
For each pair (s,t) € Q begin
If (fff > 0and (4, 4,5,t) is not used in upper branches) then begin
Let (¢*,5*,s*,t*) = (4,4, s, t);
found =TRUFE;
end
end
end
end
If found = FALSFE then begin
STOP //no further branching at the current B&B node
end
end

Figure 4: Steps of Branch Selection
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1*. Hence in the most splitted case all arcs departing from node i* would be SP arcs and the
total flow accumulated in ¢* will be splitted evenly among them according to the ECMP routing
rule. This is why we have this constant in the denominator of (116).

Given the current B&B node n; and its associated relaxation RLP,,,,, we create the two new
nodes n, and n; by adding the constraints (115) and (116) to the current restricted problem as
well as the corresponding pricing problems PR;+. Additionally, we also impose the constraints

e Do not use SP trees containing arc (i*, j*), i.e.,

oo =0 (117)

TEQ N j

e Do not use SP trees not containing arc (i*, j*), i.e.,

> H =0 (118)

TEQN\(Qyx Ny %)

to create m, and n;, respectively. For both branches we just need to modify the upper bounds
of the corresponding 7 variables. Similarly, for n, we need to modify the upper bound of the
flow variable whereas for n; we add a new constraint. Alternatively, together with the cutting
plane in (118]), the result of the following proposition can also be used to define n,..

Proposition 5.1. Suppose that (i,7) is an SP arc for the pair (s,t). Then the fraction of ds
routed on (i,7) satisfies the condition
st 1

st > 119
77 deg(s) * HZEV\{s,t}:deg(l)>1(deg(l) -1) (119)

Proof. Suppose that arc (i,5) is an SP arc for the demand pair (s,t). In the worst case the
demand d; originated at the source node s would visit all nodes in the graph G = (V, E) before
it ceases at the destination node ¢ and all arcs of G would be SP arcs. Then, for the source
node s we would have

st _

7 deg(s)

V(s,j) €A

whereas

w _ 2wmeatin

= eg(h) = 1) V(h,k) € A, heV\{s,t}

for the rest of the graph. For example, suppose that SPs; = {(s,1), (¢,7), (j,m), ...., (k,t)} is a
shortest path from s to ¢ and all arcs incident to all nodes on this path are SP arcs. Then we
have

st > 1

T deg(s)

st~ 1

9 = deg(s) * (deg(i) — 1)
st 1

I 2 Geg(s) * (deg(d) — 1) * (deg(j) — 1)

= 1
~ deg(s) * [Lieparm,, (deg(l) — 1)
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and hence
= 1
~ deg(s) * Hlev\{s,t}(deg(l) -1)

where PAT Hgy, is the set of nodes on the shortest path from s to k. The latter inequality is
based on the assumption that in the worst case ds; would visit all nodes before it reaches its
destination node. O

In our computational experiments, we have used (119) rather than (116). This is mainly
because our models are already difficult to solve and we do not want the increase the size of
current problem as we go down the B&B tree. Moreover, unlike (116), the inequalities (119)
ensure that the flow on an SP arc (i,7) is positive. We have observed that this difference has
improved the performance of the B&P algorithm for the set of instances we have worked on.
On the other hand, using (119)) and (116) together would be useful especially for more dense or
larger instances since neither of them dominates the other one all the time.

6 Computational experiments

In order to test our models as well as the B&P algorithm, we have considered two well known
demand uncertainty definitions. The common property of these approaches is that we do not
make any assumption about the distribution of the traffic demands or how pairwise demands
are correlated with each other.

For the rest of this section we let W C V be the set of demand and\or supply nodes, which
we call terminal nodes. Moreover, Q = {(s,t) : s,t € W, s # t} is the set of directed demand
pairs with flow demands dg;.

6.1 Hose model

This uncertainty model has been introduced by Duffield et al. [20] within the context of Virtual
Private Network (VPN) design. In this approach the focus is on the outflow and inflow capacities
of some special nodes, which are called VPN terminals, rather than the individual demands.
Namely, the set of feasible demands is defined by some bounds on the total flow each terminal
node can send to and accept from the rest of the VPN terminals. Then the set of feasible
demand matrices with the Hose model is

D={deRI¥: " d,<bl; Y di<by; da>0 Y(s,t) €Q} (120)
tew\{s} teW\{s}

where by and b} are the ingress and egress capacities of the terminal node s € W, respectively.
Notice that this is more known as the asymmetric version of the Hose model, and that there is a
symmetric version where an upper bound is given on the sum of all traffic demands originating
or ending in s.

6.2 Bertsimas-Sim (BS) uncertainty model

Consider the case where we have box constraints to define the lower and upper bounds on the
pairwise flow demands. Since our models provide worst case guarantees we would get a very
conservative solution, which assumes that all demands can get their peak levels simultaneously.
To overcome this problem we can use a positive integer parameter I' to scale the trade off
between the robustness of the model and the conservatism level of the solution. This is the
approach discussed within the context of robust optimization by Bertsimas and Sim in [9]
and [10]. In our problem, T" is the maximum number of pairs whose demands would change
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simultaneously within their uncertainty limits so as to affect the solution adversely. Let us
assume that demands dg; range between d’, and d., + ds: (where ds; > 0) and that not more
than I' may differ from their nominal value d, simultaneously. We can define each demand

as dg = dl; + ﬁstcfst, where (3, is a binary variable, and impose that Z(s,t)eQ Bst < T'. Since

Bst = da‘%ﬂ‘, if we relax integrality of 5 the BS uncertainty model defines the polyhedral set
of feasible demands as follows:

.D = {d S R‘Q‘ : dlst S dst S d;t + cZSt V(s,t) c Q, Z(s,t)eQ dst;td/st S ]_"} (121)

6.3 Numerical results

We have performed numerical experiments on instances of various sizes to assess the performance
of our formulations and the B&P algorithm. We have also included MPLS routing in our
estimations to compare it to the OSPF routing with ECMP condition under weight management.
Note that the MPLS oblivious performance ratio under general demand uncertainty is found
by solving the linear program (43)-(52), where we restrict neither the routing pattern nor how
each demand dg; is shared among multiple paths between s and ¢. Therefore, MPLS routing
does not perform worse than OSPF routing with ECMP. Nevertheless, it would be a good
benchmark for us to comment on the oblivious ratios under OSPF environment since we have
Zmpls < Zospf Where zmpis and zoepp are the oblivious performance ratios for MPLS routing
and OSPF routing with ECMP, respectively. Furthermore, Fortz and Thorup [6] compare the
performance of optimal OSPF routing with the optimal MPLS routing for a fizred TM and state
that their performances almost match in this case. However, we deal with oblivious routing
where there is a set of feasible demands. To the best of our knowledge, there is no other reference
comparing oblivious MPLS routing with oblivious OSPF routing with weight management for
such a general definition of feasible traffic matrices. Therefore, we believe it is important to
extend this comparison to the case of a set of feasible demands rather than a single TM as
Applegate and Cohen [§] also mention.

The instances bhvac, pacbell, eon, metro, and arpanet are well known instances studied
in the IEEE literature. On the other hand, Exodus (Europe), Abovenet (US), VNSL (India),
and Telstra (Australia) are from the Rocketfuel project [21] for which we have the data for
the topology (|V] and |E|), the link weights (w), and the number of data packets entering
and leaving each node. For these instances we have assumed that the weight metric w obey
the inverse capacity weight setting where the weight of each link is inversely proportional to its
capacity, i.e., ¢;; = 1/w;; V{i,j} € E. Moreover, since the information on real demand matrices
is not made publicly available, we have used the Gravity model mentioned by Applegate and
Cohen [8] to generate the demand polyhedra D matching each instance. This approach is based
on the assumption that a demand dg; is proportional to the product of a repulsion term R,
associated with the source, and an attraction term A; associated with the destination, which,
for instance, can be set as the total observed outgoing and incoming traffic, respectively. A
base demand d is defined and the uncertainty polyhedron is constructed around d: we have the
data on the number of data packets incoming and outgoing for each node i, i.e., the repulsion
(R;) and attraction (A;) parameters. Then the base demand for pair (s,t) is estimated using
the relation dy; = BR,A;, where 3 is computed in order for d to be feasible (i.e., to admit at
least one routing) and to choose how close d is to the boundary of the feasibility region. Let us
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define ¢ € [0, 1] such that § = ¢v* with

v* = maxv (122)
st Y (g —gih) =vR. A V(s,t) €Q (123)
Jj{s.jreE

Yo (g =0 VieV\{st}(s1)€eQ (124)

j{i,j}€E
Yol +gh<e;  VijteE (125)

(s,t)€Q

95 >0 V(i,j) € A, (s,t) € Q. (126)

We fix a direction (the half-line ds,t = BRsA;) on which d must lie, and solve the LP above
to find the most critical demand value, which is on the boundary of the feasibility region.
Then, < scales this value so that d is an inner point of the demand polyhedron if ¢ < 1. As a
result, (dst)(s,4)eq is a feasible traffic matrix for the current topology such that the maximum
congestion is no more than .

For the Hose and BS uncertainty models, we have determined the set of terminal nodes
W among the busiest nodes, i.e., the ones with large R; and A; parameters. It should be
mentioned that our instances are dense instances in the sense that in all but two cases we have
|Q|/|V'] > 0.33. Moreover, we have created 4 variants of each instance using different uncertainty
parameters p with values {1.1, 2, 5, 20} for the BS model. We will refer to each BS instance
using the label (name,p), i.e., (nsf,2) is the nsf instance with uncertainty level p = 2. Larger
p values imply higher variation in demand estimates. Hence the optimal oblivious ratio is also
expected to be larger for such cases. On the other hand, we have randomly picked a subset
S of W such that [S| = [W|/2. Then we have used b = (3, ;eqdst)/1.1 Vs € S, b} =
L1 s.e0 dst) Vs € W\S, b = L1 s 0e0 dst) Vs € S, and by = (X s.me0 dst)/1.1 Vs €
WS as the outflow and inflow capacities of the terminal nodes in the Hose model. It is worth
noting that the uncertainty set is asymmetric in this case. This feature is believed to complicate
the problem based on the VPN design literature (Altn et al. [1]).

We have used AMPL to model the flow formulation as well as the MPLS routing and Cplex
9.1 MIP solver to solve them. The B&P algorithm is implemented in C using MINTO (Mixed
INTeger Optimizer) [19] and Cplex 9.1 as LP solver. We have set a two hours time limit
both for AMPL and MINTO. Our test results for two uncertainty models discussed above are
summarized in Table 1l and Table 2/ with:

e the instance characteristics, i.e., the name of the instance as well as the numbers of nodes,
arcs, and terminals,

e the measure of the demand uncertainty p that we use in the creation of the test instances

for the BS model. After getting an estimate of the average traffic demand (d;) for a pair
(s,t), we set the corresponding d’,; = dg;/p and dg; = (p — %)Jst.

e the solution zy... and total CPU time t4,... of the B&P algorithm;
e the solution zf;0, and CPU time ;0. of the flow formulation;
e the solution z,,s and CPU time %,y for the MPLS routing;

All run times are given in seconds.

The OSPF routing problem we focus on is clearly different from the regular OSPF routing
with fixed link metric. Applegate and Cohen [8] call this more complicated routing effort as
best OSPF style routing and mention that it is highly non-trivial. Therefore, it is not surprising
that some instances could not be solved to optimality at the end of 2 hours time limit. In
those cases for which we could find a feasible but not the optimal solution of the corresponding
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problem we put a * next to this upper bound. On the other hand, if no feasible solution is
available, then the best lower bound obtained by solving the associated LP relaxation is given
in brackets. Furthermore, Nol means that we do not even have a feasible solution for the LP
relaxation, i.e., the Phase I problem could not be solved in 2 hours. Finally, MINTO could
not solve some instances due to excessive memory requirements. We label such cases with MA
under the ¢ column.

Note that the ztree, Zfiow, and zmprs columns provide a relative performance measure for
the corresponding routings. They indicate how much each routing deviates from the optimal
oblivious routing for the corresponding D. Hence, as specified in our mathematical models these
values can be at least 1 where larger numbers imply larger deviation from the best possible
routing tailored for that instance. Moreover, a value of 1 means that the perfectly oblivious
routing is found by solving the corresponding model. In other words, by using our optimization
tools we find a routing, which is the best tailored for any traffic matrix in the feasible set D.

Table 1l shows the results for the BS uncertainty model for 11 instances of 4 different levels
of uncertainty. As expected, the oblivious ratios never get smaller as the variability increases.
MINTO and Cplex could solve 19 and 17 of these 44 instances to optimality in 2 hours, respec-
tively. Moreover, in those cases where the tree formulation provides a worse upper bound than
the flow formulation, B&P algorithm run less than 2 hours and had to stop due to memory allo-
cation problems. Finally, our B&P method finds the perfectly oblivious OSPF routing for (ez-
ample,1.1), (bhvac,1.1), (bhvac,2), (bhvac,5), (Abovenet,2), (Abovenet,5), and (Abovenet,20) in
around one minute. Cplex could only find very loose upper bounds for the Abovenet instances
and just lower bounds for the remaining four. Hence, we can say that it is worth implementing
a specialized B&P algorithm for the BS uncertainty model. However, this problem has consid-
erable memory requirements. Therefore, it is not likely to get very promising results for large
instances within reasonable time limits neither with the tree nor with the flow formulation. As
a result, the performance of optimal oblivious OSPF routing with weight management is not
expected to be comparable with the performance of optimal oblivious MPLS routing for large
cases.

A comparison of the OSPF and MPLS routings based on our test results should be made in
two stages. In the first step, we focus on the 24 instances for which we could find the optimal
solutions and compare the gap for the oblivious ratios. In 15 of them we could find the perfectly
oblivious routings with both routing protocols. For the remaining 9, the oblivious ratio of our
OSPF routing is 5.4% to 47% larger than that of the oblivious MPLS routing. An important
observation here is that the gap between two alternatives does not improve with p. In other
words for any network the deviation for OSPF at uncertainty level p is almost never less than
the one for a smaller p. For example, consider the nsf instance for which the oblivious MPLS
routing performs strictly better in all of the four uncertainty levels. A comparison of the three
routing technologies, namely our best OSPF style routing, MPLS routing, and OSPF under
inverse capacity weight setting with ECMP, for the nsf network is provided in Figure [5.

inv-cap OSPF

MPLS

IS

w

-

optimal oblivious ratio

o ’ I £ F
chmrLNL WO SO

Figure 5: The change in the optimal solutions of the best OSPF style, MPLS, and inverse
capacity weight routings for the network nsf for different values of p.

Firstly, notice the significant difference between the best OSPF style routing and the OSPF
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in inverse capacity weight environment. This is a very good example to depict the benefit
of using weight management. As is clear from Figure 5, weight management resulted in an
improvement in the OSPF performance. A more concrete comparison of the three alternative
routing alternatives is given in Figure 6, which shows the gaps between the optimal performance
ratios. We can say that inverse capacity OSPF routing is almost 100% worse than best OSPF in
all higher uncertainty levels for the nsf network. On the other hand the gap between best OSPF
and MPLS increases with p from 8% to 30%. Finally, due to the increasing demand uncertainty,
the performances of MPLS, best OSPF, and inverse capacity OSPF routings degrade by 32%,
43.6%, and 60.4%, respectively. The degradation in oblivious ratio with uncertainty is already
expected. Additionally, these observations certify that the effect is more significant for both
OSPF routing strategies. However, we can say that weight management has also helped to
reduce the impact of demand uncertainty on oblivious ratio to some extent.

0.8 inv-cap OSPF vs best OSPF

Figure 6: Comparison of the best OSPF style routing with MPLS and OSPF under inverse
capacity weight setting for the instance nsf for different values of p.

Finally, we compare the best upper bounds we obtain for the OSPF routing with the optimal
solutions for MPLS. The gaps are more variable for those instances and range from 3.7% to
335.7%. Just like the previous comment, the deviation is larger for more uncertain as well as
more difficult? instances.

The second traffic uncertainty model we focus on is the Hose model for which the test results
are shown in Table 2l The most obvious comment we can make is that the management of the
Hose uncertainty model is more difficult than the BS model for both the OSPF and MPLS
routings. We can make such a comment based on the computation times. Moreover, for the
instances eon and arpanet we could not get even a feasible solution with neither the flow nor
the MPLS formulations. Hence, we believe it will be fair to focus on the other instances of the
Hose model while interpreting the numerical results.

The performances of the tree and flow formulations in terms of computation times are com-
parable for relatively smaller instances like Exodus and VNSL where the optimal oblivious ratios
are found. Nonetheless, the B&P algorithm had to stop due to excessive memory requirements
for nsf, example, and Telstra providing upper bounds on the optimal oblivious ratios of our best
OSPF style routing. These bounds are worse than the bounds provided by the flow formulation
under the same settings. On the other hand, the tree formulation is superior with respect to
the lower bounds found at the end of 2 hours.

The difference between the OSPF and MPLS routings is more evident for the Hose model.
For Ezxodus we could find the perfectly oblivious routing with both protocols. However, the
comparison between the optimal solutions of the instances nsf, VNSL, example, and Telstra
shows that the difference between the two alternatives are 31.8%, 6.6%, 85.4%, and 50%,
respectively. In brief, the average gap between the optimal solutions of the two routing schemes
is 34.8% for the Hose model and 6.5% for the BS model. Note that the Hose model relies on
the estimates for the total inflow and outflow capacities of the routers whereas for the BS case
we need an estimate for the lower and upper bounds on the individual demands. Thus we can

2We consider large and dense topologies as difficult instances. tmpls values are also indicators of the difficulty
level.
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Instance | N | E | W | P | Ztree | ttree | Zflow tflmu | Zmpls | tmpls
Exodus 7 12 7|11 1 0.06 1 0.048 1 0.052
2 1 0.05 1 0.044 1 0.048
) 1 0.05 1 0.044 1 0.036
20 1 0.04 1 0.036 1 0.036
nsf 8 20 5 | 1.1 | 1.381* MA 1.05* 2 hrs 1.013 0.368
2 2.299* MA 1.556 3821.53 1.44 0.752
5 3.808* MA 1.904 94.33 1.423 0.984
20 3.936* MA 1.976 241.1 1.462 1.054
VNSL 9 22 3 |11 1.066 39.75 1.066 0.19 1 0.016
2 1.066 3.61 1.066 0.14 1 0.024
5 1.066 24.77 1.066 0.22 1 0.02
20 1.066 9.24 1.066 0.296 1 0.02
example | 10 | 30 | 4 | 1.1 1 0.11 (1) 2 hrs 1 0.275
2 1 0.15 1 1900.19 1 0.406
5 2.25% MA 1.82% 2 hrs 1.034 0.547
20 2.575% MA 3.269* 2 hrs 1.079 0.775
metro 11| 8 | 5 | 1.1 | 4.357* 2 hrs (1) 2 hrs 1 92.969
9 | (1.211) | 2hrs | (L211) | 2hrs | 1.210 | 450.96
5 | (2.192) | 2hrs | (1.299) | 2hrs | 1.299 | 4642.34
20 | (1.648) | 2hrs | (1.306) | 2hrs | 1.302 | 3577.76
bhvac 19| 44 | 11| 1.1 1 109.63 (1) 2 hrs 1 81.177
2 1 120.03 | (1.0004) 2 hrs 1 23
5 1 A1.32 1) 2 hrs 1| 44.234
20 (1.706) 2 hrs (1.001) 2 hrs 1.443 | 1130.53
Abovenet | 19 | 68 5 | 1.1 1 12.78 1 60.78 1 12.482
2 1 13.58 | 2.24284* 2 hrs 1 35.95
) 1 13.92 | 2.68684* 2 hrs 1 54.06
20 1 16.31 5.3568* 2 hrs 1 46.35
Telstra | 44 | 88 7| 1.1 1 1.75 1 0.504 1 0.156
2 1 1.79 1 0.414 1 0.158
) 2.075* MA 1.054 2.56 1 0.159
20 2.081* MA 1.886 2.39 1.283 0.181
pacbell | 15| 42 | 7 | 1.1 | 1.667* 2 hrs 1.283%* 2 hrs 1.014 70.93
2 1.868%* 2 hrs (1.249) 2 hrs 1.249 134
5 | (1.521) | 2hrs | (1.480) | 4403 sec | 1.488 | 174.29
20 | (1.565) | 2hrs | (1.541) | 2hrs | 154 | 159.54
eon 19| 74 | 15| 1.1 (1) 2 hrs Nol 2 hrs Nol 2 hrs
2 ) 2hrs | Nol 2hrs | 4.433% | 2 hrs
5 (4.718) | 2 hrs Nol 2 hrs Nol 2 hrs
20 | (6.411) | 2 hrs Nol 2 hrs 6.87* 2 hrs
arpanet | 24 | 100 | 10 | 1.1 | (1.3133) | 2 hrs Nol 2 hrs 1.017 | 492.85
2 | (1.922) | 2hrs | Nol 2hrs | 4.4% | 2 s
5 (4.993) | 2 hrs Nol 2 hrs Nol 2 hrs
20 | (5.799) | 2hrs Nol 2 hrs Nol 2 hrs

Table 1: Results for the BS uncertainty model

26




say that the definition of the traffic polyhedra D is looser in the former®. Therefore, we believe
that these average deviations between the two protocols support our remark that degredation
of the network performance due to increased uncertainty is higher for OSPF routing.

Instance | N | E | W | Ziree | tiree | Zflow L flow Zmpls tmpls
Exodus 7 12 7 1 0.04 1 0.052 1 0.031
nsf 8 20 5 4% MA 2 2730.38 | 1.517 0.403
VNSL 9 22 3 1.0655 | 8.77 | 1.0655 0.296 1 0.16
example | 10 | 30 | 4 2.7* MA 2 2 hrs 1.079 0.424
metro 11 | 84 5 1.437) 2 hrs (1.302) 2 hrs 1.302 1657.832

(
bhvac | 19 | 44 | 11 | (2.853) | 2 hrs | (1.515) | 2 hrs | (1.515) | 2 hrs
Abovenet | 19 | 68 5 | (1.116) | 2 hrs | (1.116) 2 hrs 1.045 326.125
Telstra | 44 | 88 7 | 2.081*% | MA 1.925 1.224 1.283 0.084
pacbell | 15 | 42 | 7 | (1.544) | 2 hrs | (1.543) | 2hrs | 1.543 | 59.131
eon 19 | 74 | 15 | (6.857) | 2 hrs Nol 2 hrs Nol 2 hrs
arpanet | 24 | 100 | 10 | (5.85) | 2 hrs Nol 2 hrs Nol 2 hrs

Table 2: Results for the hose uncertainty model

Our final comment is about the benefit of considering a polyhedra of demands rather than

a single traffic matrix d of average demands. To make such a comparison we use % where
f* is the optimal oblivious OSPF routing in a given instance and BEST} is the maximum link
utilization of the most fair routing, say f;, for the average demand d. First, note that such a
comparison does not provide additional information in those instances where we could find the
perfectly oblivious routing. We already know that the most fair routing for any traffic matrix
in D is attained in such cases. Hence we focus on the remaining examples and we have observed
that it is not possible to make a conclusion that is valid for all cases. For example in the VNSL
instances the optimal routing for d, is different than f*. This means that if we optimize just
for the mean demand and the current demand turns out to be a different one, then we might
have f7 perform significantly worse than f*. On the other hand, for the nsf instances we have
observed that f; = f*. As a result, we believe that optimizing just for the mean demands does
not suffice to ensure the fair allocation of work load in all cases.

7 Conclusion

Current traffic engineering efforts are mostly based on the efficient use of network resources so
as to route a given traffic matrix. In practice the demands are not likely to be known exactly.
This is the main motivation of our work and we consider the case where the polyhedra of feasible
demands is defined by some system specific constraints. We incorporate this general uncertainty
into the OSPF style routing problem. To comply with the current forwarding technology, we
also include the equal load sharing condition (ECMP) in our analysis. Furthermore, we employ
weight management to improve the network performance of OSPF. Given all these specifics of
the problem we focus on the minimization of the maximum link congestion via a fair allocation
of traffic among the network links. To our knowledge, our paper is the first work on such a
general and practically defensible best OSPF style routing.

We have proposed two mixed integer models obtained by a duality-based reformulation for
our problem. The first one is a compact formulation based on flow variables. Because this
model gets large very rapidly even for medium sized problems, we have proposed an alternative

3Based on how we have determined bs+ and b; as well as d/st and dst for the Hose and BS instances respectively
given the same average pairwise demand estimates ds¢.
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tree formulation based on special structured subgraphs of the backbone graph, i.e., SP trees.
Moreover, we have proposed a B&P algorithm supported by cutting planes to solve this model.

We have tested our models and the B&P algorithm on two traffic uncertainty definitions,
namely the Hose model and the BS model. We have presented a comparison of the two formula-
tions in terms of the solution quality and computation times. We have observed that it pays to
create a specialized B&P algorithm especially for the BS uncertainty case. Unfortunately, due
to excessive memory requirements of the algorithm, it had to stop before two hours time limit
in some instances. Additionally, we have compared the OSPF style routing and the MPLS style
routing for these two traffic polyhedra. First, we have realized that for the BS case the optimal
oblivious ratios for both routing styles increase as the level of demand variability increases. An-
other important observation is that the performance of OSPF routing degrades more than the
MPLS routing as the demand uncertainty increases. To sum up, we believe that a polyhedral
definition of the feasible set of demand matrices, which is accurate as far as possible, could
make the OSPF performance get closer to the MPLS performance.
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